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ABSTRACT: A detailed analysis of anomalous U(1)’s and their effective couplings is per-
formed both in field theory and string theory. It is motivated by the possible relevance of
such couplings in particle physics, as well as a potential signal distinguishing string theory
from other UV options. The most general anomaly related effective action is analyzed
and parameterized. It contains Stiickelberg, axionic and Chern-Simons-like couplings. It is
shown that such couplings are generically non-trivial in orientifold string vacua and are not
in general fixed by anomalies. A similar analysis in quantum field theories provides similar
couplings. The trilinear gauge boson couplings are also calculated and their phenomeno-
logical relevance is advocated. We do not find qualitative differences between string and
field theory in this sector.
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1. Introduction and conclusions

It took some time for gauge and gravitational anomaly cancellation to take its place as

a cornerstone in the building of theories of the fundamental interactions, [[. Anomaly

cancellation provides powerful constraints on chiral particle spectra. Gauge anomalies are

intimately related to the UV structure of quantum field theories (QFTs). Their presence

imply UV divergences that cannot be renormalized. There are several types of anomalies

that plague gauge and gravitational theories. All of them are fatal in the UV of a QFT.

However, their structure can be different in different cases. We therefore have (in 4d)

pure non-abelian cubic anomalies, mixed anomalies between non-abelian and abelian gauge

groups, as well as cubic abelian anomalies. In addition to this we have mixed abelian-

gravitational anomalies associated with the trace of U(1) charges.



In string theory, the situation is slightly different. Closed string theory has a UV regime
protected by the stringy cutoff introduced by the geometry of the closed Riemann surfaces.
Modular invariance is crucial in this. It is the same invariance that guarantees the ab-
sence of irreducible (non-factorizable) anomalies. Reducible anomalies can be cancelled via
the the Green-Schwarz mechanism [J], and its generalizations. Mixed abelian-non-abelian
anomalies and cubic abelian anomalies are in this class. Generically, the chiral fermionic
spectra in string models are not anomaly-free by themselves, but the gauge variation of
their contribution to the one-loop effective action is precisely cancelled by antisymmetric
tensor fields of various ranks which undergo non-linear gauge transformations [fi]. In ear-
lier perturbative heterotic constructions, the Green-Schwarz mechanism involves only one,
universal, axion [f]. There have been recent discussions of heterotic compactifications in
the supergravity limit, where the possibility of several anomalous U(1) factors was pointed
out, [f]. This matches the situation in orientifold vacua [B, fi], which contain several axions
or antisymmetric tensors [§—[[Z]. A review can be found in [IJ].

In the presence of anomalous abelian factors in the gauge group, Stiickelberg mixing
with the axions render the “anomalous” gauge fields massive. The associated gauge sym-
metry is therefore broken. In the heterotic string, with a single anomalous U(1), such a
mass is always fixed at the string scale [{f]. The situation in orientifold vacua is richer and
the masses depend non-trivially on volume and other moduli, allowing the physical masses
of anomalous U(1) gauge bosons to be much smaller than the string scale, [L4].

If the anomalous U(1) gauge boson masses are in the TeV range, they behave like
7' gauge bosons widely studied in the phenomenological literature [[J]-[R0]. One of the
main points of this paper is that unlike other Z’s discussed in heterotic string vacua as
well as in unified models, the Z’s associated to anomalous U(1)’s have other characteristic
low-energy couplings. These are cubic couplings between various massive gauge bosons.
Although their strength is of one-loop caliber, they can differentiate between different types
of Z's.

An important role in our analysis is played by local gauge non-invariant terms in the
effective action that we call generalized Chern-Simons terms (GCS), whose connection and
role in the anomaly cancellation is one of the main goals of this paper. The presence of
such couplings was first pointed out in [[Ld], arising in the study of D-brane realizations of
the Standard Model. They have been independently discovered in various supergravities
in [R1]-[4] and in higher dimensional gauge theories 25, R]].

In order to describe the relevant structure, we start from the anomaly-related terms
in the effective action
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where A; are abelian gauge fields, a! are axions with Stiickelberg couplings which render
massive (some of) the gauge fields and we used form language for compactness of notation

in the last line of ([L.1]).



This action is gauge-variant under
A — At dé | ol —al — Mlé (1.2)

This gauge-variance is tuned to cancel the anomalous variation of the one-loop effective
action due to the standard triangle graphs. The contribution of the triangle graphs is
scheme dependent, (see 7] and [R as well as appendix [A] for a detailed exposition). In
a natural scheme where the anomalous variation is distributed democratically among the
three vertices, the anomaly cancellation conditions read

tijk: + Eijk+Eikj + MZI CJIk = 0. (13)

Here t;;, = Tr(Q;Q;Qk) are the standard anomaly traces and @; is the charge generator
associated to A;.

The GCS terms are known to be scheme dependent. However, the schemes that are
relevant are typically model dependent, and it is more convenient to expose this asymmetry
in the GCS terms explicitly. Moreover, there are combinations of GCS and axionic terms
that are gauge invariant:

o / (9al + MIAY) A (9a” + M A) A FF (1.4)

Such gauge-invariant combinations lead to observable consequences.

An interesting related question is the following. String theory has been for a long time
in search of a convincing, low energy signature of its existence. Despite several hints over
the years it is fair to say that no such signature is known. The question can be posed
as follows: considering the particle physics data up to a given energy (say LHC energies),
is there a signature that would rule out a UV completion by an asymptotically free or
asymptotically conformal QFT? Obviously we are keeping gravity out of this question as
no QFT UV completion is known. Anomalous U(1)’s are ubiquitous in string theory, and
it seems a good arena to search for such signatures.

The types of couplings we are investigating in this paper are related to triple gauge-
boson couplings. For example, suppose there is a CP-odd three-boson coupling Z’ Z ~. This
may lead to a small but detectable experimental signal. Can a consistent renormalizable
gauge theory lead to a similar effect? As we indicate, the answer turns out to be yes.
We show this by generalizing the work of 29, Bd]. In particular we consider the explicit
example of a consistent chiral gauge theory that emerges after the decoupling of chiral
fermions, charged with respect to the massive gauge fields and acquiring a large mass via
Yukawa couplings to Higgs bosons.

The three-gauge-boson anomalous couplings we discuss in this paper have nontrivial
consequences such as Z/ — Z ~ decays, which were not considered in the past in the
context of Z’' models [, g, [9]. A future detailed analysis of their experimental conse-
quences would be important and could distinguish between models with standard anomaly
cancellation and models with a generalized anomaly cancellation mechanism.



We summarize our results as follows:

e The starting point is a detailed analysis of a low-energy effective action (LEEA)
which contains several U(1) gauge fields and axions. Some of the U(1) fields get a
mass via Stiickelberg couplings to some axions while others remain massless. The
axions may be string theory RR axions or just the phases of Higgs field that break
the gauge symmetry. We also include non-abelian gauge fields. There are two classes
of gauge-non-invariant terms. The axionic couplings C{jal FiAFJ as well as the GCS
terms EijkAi A AT A FF. Tt is shown that the full anomaly related effective action is
fully fixed by:

(i) anomaly cancellation.
(ii) The anomaly related change traces t;;, = Tr[Q;Q; Q%]

(iii) The gauge invariant combinations of GCS and axionic terms in ([[.4). From now
on we will call these terms the “gauge-invariant GCS terms”.

The rest of the terms are determined by anomaly cancellation and depend on the
scheme used to define the triangle contributions. We use a universal symmetric
scheme, that has the advantage of being easy to use and model independent. It
should be stressed that the gauge-invariant GCS terms are scheme-independent.

e We investigate in detail the structure of the anomaly-related effective action in orien-
tifold models based on orbifold vacua of string theory, extending the analysis of [[L(].
In particular, we carefully compute, the disk coefficients M/, C! ij by a factorisation
of one-loop data. Many details of the orbifold geometry are important in order to
achieve this factorisation. In the process we explain the general procedure.

We also compute the charge traces and verify that the GCS terms associated with
antisymmetric pieces of MZI o ik — M]I C!;. are generically non-zero. We give the
general algorithm for their computation, and provide detailed calculations in the
Zg and Z{ orientifolds. Moreover we show that the gauge-invariant GCS terms are
generically non-zero, in string theory, as is the case in supergravity analyses [23.
This is a new result, as such terms are not fixed by anomalies.

e We compute the three-anomalous-gauge-boson one-loop open string amplitude and
show explicitly that it is gauge invariant. This together with the disk couplings
completes the string theory calculation of the relevant effective action.

e We analyze a similar situation in QFT. We consider a theory with an anomaly free
set of chiral fermions, we give masses via Yukawa couplings to an anomalous subset
of them, and compute the LEEFT at scales much smaller than the masses of heavy
fermions. This LEEFT is of a similar kind to that of anomalous U(1)’s coming from
string theory. We extend the previous computations of the anomalous effective action
in 29, B{] to the general case, and derive the gauge-invariant GCS terms. They are
generically non-trivial. The question of determining the UV charge spectrum from the
low energy GCS terms does not have a unique solution. In particular an anomaly-free
set of heavy fermions contributes non-trivially to the gauge-invariant GCS terms.



e We compute the full three-point amplitude at low energy of three U(1) gauge bosons.
Some of them may be anomalous. Such amplitudes, although one-loop in strength,
are important in characterizing the nature of Z’ gauge bosons in colliders.

e We find no determining characteristic at low energy that would distinguish stringy
anomalous U(1)’s from field theory effective anomalous U(1)s. This however is not
exclusive. More analysis maybe necessary in this direction. An analogous question
involves non-abelian symmetries. There are no known anomalous non-abelian sym-
metries in string theory. It is not clear whether there can be such effective symmetries
in QFT. This question deserves further study.

The plan of our paper is as follows: In section 2 we present a general analysis of the
anomaly-related effective action with a generalized anomaly cancellation mechanisms, in-
cluding the GCS terms. Section 3 explains the way the GCS couplings appear in orientifold
models, gives a general criterion for their existence and formulae for axionic couplings and
mixings. The explicit examples of the Zg and Zj orientifolds are analyzed in detail in ap-
pendix C. In section 4 we compute the relevant one-loop three gauge boson amplitude as
well as the related by supersymmetry gauge-boson — 2 gaugini amplitude. In section five
we compute the GCS and axionic terms emerging from integrating out massive fermions
in QFT. Section 6 contains the calculation of triple effective gauge boson couplings.

In appendix A we review issues associated with the regularization, and calculation of
triangle diagrams as well as their scheme dependence. Appendix B contains a collection of
formulae relevant for the diagonalization of the arbitrary gauge boson action in described
in section 2. Finally, appendix D contains details of the computation of the full three gauge
boson amplitude discussed in section 6.

2. The general low-energy anomaly-related effective action
In this section we will perform a general analysis of the terms in the four-dimensional
effective action relevant for anomaly cancellation. We will consider several anomalous U(1)
vector bosons, AZ, i=1,2,---, Ny with field strengths
F., = 0,4, —9,A, . (2.1)

We also consider non-abelian gauge bosons B, with non-abelian field strengths

G =0,B, —0,B, +[B,,B,] . (2.2)
In orientifold vacua, both types of gauge fields will originate in the open sector. Finally,

there will be a set of axion fields a’, I = 1,2,--- , N,. Some will originate in the RR sector
of the closed string sector while others will be the phases of open string charged scalars.



We will first start from the effective Lagrangian describing the kinetic terms of the

fields
1 oo 1 v
Ekin = _5 ZfaBTr[Ga,uuGg ] - Z Z fijE7MVF]H
« %,J

1 7 7
—§Zhu(5;ﬂ[ +Y M A 04T+ M A (2.3)
1,J i i

We have labeled the various simple factors of the non-abelian group!' with the index a =
1,... Ny, the Abelian factors with the index ¢ = 1,... Ny and the axions with the index
I =1,...N,. From now on we will assume the summation convention: repeated indices
are always summed over, unless otherwise stated.

In principle, the kinetic functions 2 fap, fij and hy; depend on dilaton-like moduli
. The dynamics of the latter is irrelevant for our present purposes and we can assume
they are frozen at some non-singular value. At a given point in the moduli space, linear
combinations of Az, A and al put the kinetic terms in canonical form f,5 = da5(1/g2),
fi; = 0i;(1/ gf) and hry = 67y. This results into a redefinition of the mixing coefficients
M} — M} Henceforth we assume we have performed this step and simply drop the hats.

Because of the mixing with the axions, a subset of the U(1) gauge bosons will eventually
be massive. In string theory there are two sources for these Stiickelberg couplings. The
first is spontaneous symmetry breakdown ('Higgsing’), as in field theory. In this case M
is proportional to the charge of the (Higgs) scalar obtaining a vev. The associated axion
is the phase of the (open string) Higgs scalar. The second source of mixing (’axioning’),
as in higher dimensional (supergravity) theories, emerges from the disk couplings between
anomalous (open string) U(1) gauge fields and axions in the RR sector of the closed-string
spectrum.

It is important for our subsequent purposes to separate the massive from the massless
U(1) gauge fields. To implement this, we will diagonalize the mass matrix of the gauge
bosons:

2 _ aplagl
In particular we will be careful to separate the zero eigenvalues. We will label by letters
m,n,--- the eigenvectors with zero eigenvalue, and with a,b,--- the eigenvectors with

non-zero eigenvalue.

MZ%U?:M(ETIZQ ) a:1’2""N' ) Ma#ovaw (25)

MZ?]T]‘;TL:O ) m:]~727“'N0 ) N0+N.:NV (26)

The eigenvectors can be chosen to satisfy the orthonormality conditions

et =0w s NN =0, I =0, MIgt=0. (2.7)

In our conventions Tr(t4t8) = 1/2645.

2Gauge invariance requires fio = 0.



We also define the N, vectors in the space of axions

Mln‘.l
WI: il
a Ma

This set is orthonormal using (2.7), (R.§)

I,.b Iagl b
it = Ml Myng MiMjuing o (2.9)
©Tr T M, My, MM, “r '

In general N,, Ny > N, so we may complete (R.9) into a full basis in axion space by
introducing

wWiw!l=6, , w,v=12- Np=N,—N, , Wiwl=0. (2.10)
We may use now the various vectors to define new fields as follows
A=t Q +nm Y™ | ol =Wl b+ MW b (2.11)
The kinetic terms (R.3) in the new basis read

1 4 1 4 1 4
Ekin = _iTr[GOé,MVGg ] — ZF‘%MVF# — ZanﬂyF#
1 1
— 50" 0" — 5M§(aba + Q2. (2.12)

Therefore, ()}, denotes the N, massive U(1) gauge fields, b* their associated Stiickelberg
fields, Y,;" the N, massless U(1) gauge fields, and b* the Nj,, gauge invariant axions.
The relevant infinitesimal U(1) gauge transformations are

Q) — Q)+ 0" , bV —=b =" YV =Y+ 0™, (2.13)

while the non-abelian ones read
B,— B,+D,e , Duc=0ue+[Buce] , Gu — Gu +I[Gu, €. (2.14)

Under the above gauge transformations the kinetic terms are obviously invariant.

We will now introduce the classically gauge non-invariant terms of the effective action.
Their ultimate goal will be to cancel the potential one-loop triangle anomalies. They are
of two types. The first involves the Peccei-Quinn terms

b'lL
Lpq = 5 (C wF* A FP 4+ QU FE N F™ + Oy F™ A F™ + DU Tr[Gy A Ga))

a

2472

+ (CU%FP A F€ + C% FO N F™ 4+ C%  F™ A F™ + DTr[Go A Ggl). (2.15)

Lpg contains all possible Peccei-Quinn terms. We have used the form notation where

1 1
F = §F;w dxtdz” |, FAF = ZFWFPU datdx? dxPdz’ . (2.16)



Under gauge transformations (2.13) and (R.14) the Peccei-Quinn terms transform as

€a
2472

6Lpg = — (C%FP NFC 4 C% FO AN F™ 4 O F AN F™ + D Tr[Go A Gy)) (2.17)

The second set of gauge variant terms are the generalized Chern-Simons terms (or
GCS terms for short). They are obtained by contracting the dual of the CS form with a
gauge field. In the abelian case we may therefore write

st = — / AL, ST = ST (2.18)
™

Under U(1) gauge transformations, A° — A’ + d¢'
, 1 o o
ik — — [ (& FPAFY — € FINFP) . 2.1
S5 = / (& FipFY — ¢ Fi A B (2.19)
Not all abelian GCS are independent. We have

Siik 4 gkid 4 gkt — yr / P79, (ALATAR) =0 . (2.20)
This relation indicates that when i = k or j = k, there is a single independent GCS term.
When all three indices are distinct, then there are two independent GCS terms.

To define the analogous GCS terms involving the non-abelian fields we introduce the

standard non-abelian CS form

1 1 1
Qup = gTr B,(Gy), — g[Bu,Bp]) + cyclic] , 5(%91,,,0 dztdz” dxPdz® = Tr[G N G]

(2.21)
which under infinitesimal gauge transformations transforms as
1
0Qup = gTT [0,€(0, B, — 0,B,) + cyclic] . (2.22)
Using the CS 3-form we may now construct the mixed GCS terms
4 1 o
s = / e ALQS (2.23)
Under infinitesimal abelian and non-abelian gauge transformations it transforms as
iS5t = iy / F'ATe Gl — £ Tr[Ga A Gl (2.24)

where G, is the abelian part of G,. The most general set of GCS terms (irreducible
under (2.20) is given by

Lacs =

v+ po v po

4872 i [Emm“ Y;:nYVanT‘O' + Enan Y;IQaFn + Emab Y;ZnQan
+Eabe QUQNFSy + (270 Y + 2% Q)05 | . (2.25)

The coeflicients satisfy the following symmetry properties

Emnr = _Enmr 5 Eabc = _Ebac . (226)



The variation under infinitesimal gauge transformations takes the form

1
/ 0Lacs = 55 / Eppnr (8" F™ A F" — €™ F™ AF") + Epgn (8*F™ A F™ — ™ F A F™)

+ By (e F™ A FY — emF A FY) + Egye (PF* A FC — FP A\ F©)
2™ (F™ ATEEGY] — €™ T [GYAG)) + Z% (FO AT [eG] — 9 TH[G AG))
1
=i / e[ = 2By F'AF" = Epan FONF" = By FAF*—Z  Tr[ G NG|
yeo [—QEabc FO A FC 4 Bpan F™ A F™ 4 By F™ A FY — Z9,Te[G A Ga]]

+ (2™ F™ 4 Z9F%) A Tr[eG] . (2.27)

We may now consider the non-invariance of the effective action due to the anomalous
triangle graphs. This is described in detail in appendix [A]. We use the totally symmetric
scheme of defining the triangle graphs. We obtain the anomalous gauge variation

1
/&Ctriangle = _m/ [tabcea Fb N F€ + tmnrem F"NF"

Ftmap(26® FOANF™ 4 €™ FO A F) 4 tpmn(26™ FO A F™ 4% F™ A F™)
+T%(2Tr[e G A F? + £ Tr[G* A GY)
4T (2Te[e GO A F™ 4 €™ TH[GE A GO‘])]
1
=513 / etape FONF+2tmap, FEAF™ +tgmn FAF"+T7,Tr[GYNGY]]
e [tmm F™ A F" 4ty FOAFY 4 2t FOAF™ 4+ T™, Te[GY A Ga]}

+2T%, Trle G A F® +2T™,, Tr[e G A F™ . (2.28)

The tensors ¢t and T" are given by the cubic traces of the U(1) and non-abelian generators,

Qay Qm, T,

tabe = Tr[QaQch] B ) Tr[QaQme] ,  tamn = Tr[Qa Qan] 5
tnr = Tr[QanQT] , T = Tr[Qa(TT)O‘] , TT, = TI‘[Qm(TT)a], (2.29)

with (T'T)® the quadratic Casimir of the a-th non-abelian factor. We have also assumed

that the non-abelian cubic anomaly cancels.

Demanding gauge invariance of the total Lagrangian

L=2Ly+ »CPQ + Laos + Ltriangle ) (230)



we obtain the following conditions

Eabe + Each + C%c + tape = 0, (2.31)

—Emab + C%m + 2tmap =0, (2.32)

—%(Eman + Enam) + C%un + tamn = 0, (2.33)
Z% +D% +T% =0, (2.34)

tonr + 2Emne = 0, (2.35)

tmab + %(Emab + Emba) =0, (2.36)

2t amn + Eman =0, (2.37)

ZMa+T", =0, (2.38)

9T — Z% =0 , 2T™y— 2" =0. (2.39)

Conditions (R.31)—(R.34) stem from the invariance under broken (massive) gauge trans-
formations. Conditions (R.39)—(R.3§) stem from the invariance under unbroken (massless)
gauge transformations. Finally conditions (R.39) stem from nonabelian gauge invariance.

We now proceed to investigate some immediate implications of the invariance condi-
tions above. (R.3§) and (R.39) imply that

20 =T"y =0, (2.40)

that is, the mixed abelian/non-abelian anomaly of the massless U(1)’s vanishes. This is
indeed the case in all known orientifold examples. In (R:3]) the tensor t,,, is completely
symmetric while E,,,, is antisymmetric in the first two indices. Therefore, this equation
is only consistent if

tomr = Emnr =0 . (2.41)

This implies that the massless U(1)’s should have no cubic anomaly among themselves.
This is indeed the case in all known orientifold examples.

Solving (2.32), (E33), £:36), (2-37) we obtain

1
Emab + Emba = _2tmab ) Cabm = _3tmab + §(Emab - Emba) (242)
2 a
’ Eman = gc mn — _Qtamn . (243)

Solving (R.34) and (R.39) we obtain
a 2 a a
Za:—gDa:2Ta. (2.44)
A counting of parameters in the anomaly equations is in order in order to motivate
the general solution given below.

In equation (R.31)), ¢ has the symmetry [T 1] and therefore w independent
components. In appendix [A] we show that the tensor £ has the symmetry Bj and therefore

,10,



No(N2-1) e (Ne+1)
3 2

independent components. C' has the structure [ [ ] ® [ ] and therefore al
components. We have

[Med=I0eH (2.45)

Eqs (R.31) is a set of w independent equations.

In equations (R-39) and (P.36), ¢ has w independent components, while E
and C have N,N2 each. The number of independent equations is N,N2 for (2:33) and

2
7N°N'(2N'+1) for (2.30).
. NeNo(No+1) - :

In equations (B.33) and (R.37), t and C have ——5—"— independent components,
while E has NyN2. The number of independent equations is w for (.33) and
NoN¢ for (2.37).

Finally, in equations (R.34) and the first of (R.39) all tensors have N, N,, components,
where NV, is the number of non-abelian group factors. This happens to also be the number

of equations.
Equations (2.31))-(2.39) do not have a unique solution once the charges traces are fixed.
The reason is the existence of the gauge invariant terms

1
Einv = §EMWJU(QZ + 8ﬂba)(Ql; + &zbb) [gachch + gmabF/?;] ’ (2'46)
with Egpe = —Evacs Emab = —Emba- Eape has %’271) independent components while &,
NoNe(Ne—1)
e

3

By integrating by parts, we may reabsorb the various terms in (R.46) into Lpg and
Laos- In particular, addition of L;y, to the effective action implies the following changes
in £

C% = C%¢ — Eabe — Each v Eape = Eape + Eabe (247)
C%m = C%m —2Emab s Emab — Emab — 2Emab - (248)

It is obvious from (R.31), (P.32) and (R.36) that such shifts leave the anomaly cancellation
equations invariant. We should also remember that the PQ terms of the gauge-invariant

axions are also gauge invariant. We may use this invariance to give the general solution to
the anomaly cancellation equations (B-31))-(-39).

Indeed, the general solution (F,C,Z, D) to the anomaly cancellation conditions can
be written in terms of the charge trace tensors tupe, tmab, tamn, 1 %a, tWo arbitrary tensors
Eaver Emap satISTYIng Eape = —Epacs Emab = —Empa as well as the PQ coefficients CM ,
cM,.,, CM . and DM . The general solution is

Eabc = Cabc > Emab = —lmap + gmab ; Eman = _Qtamna (249)

Cabc = —tlabe — gabc - gacb ; Cmem = _3tmab - gmab ; Camn = _3tamn (250)
ze, =21, , D% = —3T%, . (2.51)

The counting of parameters that we presented above guarantees that this is the general
solution.

— 11 —



The charge traces are computable from the classical action. Therefore, to fix the full
low energy action, the &£ coefficients, undetermined from anomaly considerations must be
calculated.

In orientifolds, this can be done by a disk calculation. To start with, the mixing
coefficients M/, which determine which U(1)’s become massive, are given by a disk two
point function involving an open string vector and a closed string axion. Moreover, a disk
three-point function, between two open-string vectors and a closed string axion determines
the Peccei-Quinn C' coefficients completely.> Once the C’s have been determined, the

unknown gauge invariant tensors can be evaluated as

1
gabc = Z(Cbac - Cabc) ; gmab = Z(Cbam - Cabm) . (252)

We will do this in the next section for several orientifolds and show that the £ tensors

1

are generically non-zero. It should be noted that even in a theory free of four-dimensional
anomalies (all cubic charge traces are zero) the gauge invariant GCS terms may be non-
zero.* This is indeed the case in the theories of reference [RJ].

We will write here the general solution using the original arbitrary basis and the

formulae of appendix [B. In this basis the anomaly cancelling action is

L=Lpg+ Lacs (2.53)
Clij 1 iy i Pla 1
Lpg = 52 @ F'ANF) + 512 @ Tr[Ga A G4 (2.54)
Lacs = oz | Eijk AL ALFS + 7' ALQI%U] - (2.55)
Using
a __ . aA. mo__ M (g . u o I I a_mall
Q Y A b W, b 2.56
=04 =N, Ai = Wya _Ma’ ()
a
we find
A P R ey ,
Eijr = [—(G” QI — G GITGR — (GG -GG )G’“’“] tirjoa
) = 0 0 e Emab + 1NN Eabe (2.57)
1
Clyj = wy [C“abn?n? + 5 C"am (00" + ") + C“mnm’”nﬂ
_{_Kalca bc+lca(bm+bm)+ca m,n
M, belli Tl 5~ bm ;75 n;M; mnTly Tl;
. I S o e, MInenbns
= —M,ﬁMkk/ti/j,k/(G“ GV + §(G“ G +G"G)+3G" G — 2%5@0
a
Ml ngntny
k'l
_QTZ]&”“”WJ cubcng’nj+cumbn§”n§+C“mnn;nny] , (2.58)
a

3There are subtleties with the normalization of the disk two and three-point functions, but they can be
eventually resolved, eg by factorizing a non planar one-loop amplitude, to obtain an unambiguous answer.

4This may arise in a theory where a set of anomaly-free fermions has become massive due to the Higgs
mechanism, and has been integrated out.
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MiIne
D'y = D"W)+ D=,

a

Zia = Zma'r]im + Zaanzq’ (260)

(2.59)

where My was defined in (B g).
It follows from (R.58) that

oy P U e , e~
MG, = —tp |G GI' GRF 1 (GG GM 4 G QI GRNY 4 3G GIT GME

=205 Eabe — 1 (MM + M) Emab - (2.61)
Using éii/éjjlékk/ti/j/k/ = tinrn); "1 M = 0, we derive

tijk: + Eijk + Eikj + M{C]Ik =0, (262)

which is the condition for gauge invariance in a generic basis.

A remark concerns the GCS terms and their relation to the scheme dependence of the
triangle anomalies. As we review in appendix [4], all the scheme dependence of the triangle
graphs is in one to one correspondence with the GCS terms. In particular, all the GCS
terms can be set to zero in the effective action, by picking a particular scheme that treats
the various U(1) factors asymmetrically. However in different orientifold ground states this
scheme is vacuum dependent, as we show in the next section. We find it more convenient
to fix once and for all, the fully symmetric scheme that treats all U(1)’s democratically
and subsequently compute, and add to the effective action the GCS terms. This is what
we do in the sequel.

We should stress, that the important effects that we discuss in this paper are gauge
invariant and are therefore insensitive to the choice of scheme.

We should finally stress that the scheme dependence of the GCS terms can be also
described by the non-uniqueness of the solution of the descent equations coming from the
anomaly polynomial.® Restricting ourselves for simplicity to the abelian case, the anomaly
polynomial is given by

Iy = étiijiFij = dIs, (2.63)

where ;5 is completely symmetric. The five-form I5 is only defined up to a closed form.
A solution is 1
Iy = étijkAiFij : (2.64)

We may however add a closed form
Al = d(E;j, A'ATFF) (2.65)
The gauge variation of I5 defines the anomalies
6(Is + AI) = dIy = d (%tijkeiFij + %EijkeiFij) . (2.66)

The scheme dependence is determined by the tensor £;;; as advertised.

®M.B. and E.D. acknowledge B. Kors for a fruitful discussion on this and related issues in connection
with the results of @]
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3. Anomalies and anomalous U(1)’s in orientifold models

It was shown in [{, §] for 6d examples and in [[L0] for 4d orientifold vacua that the Green-
Schwarz anomaly cancellation [f] in type II and orientifold vacua, generically involves
twisted-form couplings to gauge fields. In [[L{] it was verified that indeed mixed abelian-
non-abelian anomalies were cancelled by the twisted axions. Here we will discuss the
subtleties that arise for the abelian sector.

In the previous section we have derived the anomaly cancellation condition ([[.3),by
utilizing a symmetric scheme for the triangle graphs. If

MIChL, — MiCL # 0, (3.1)

then anomaly cancellation implies the existence of generalized Chern-Simons terms. For
gauge groups coming from D-branes in type II orientifold models, this can arise only from
a non-planar cylinder diagram that contains the (antisymmetrized) Chan-Paton traces will

be (as we will see later in (D.21))):

3Eagy = MLCh, — MiCL = ch\\/ Nl triveA Al triveda] - (3.2)
;

Here k =1--- N — 1 denotes the different type of twisted sectors propagating in the tree-
level channel cylinder diagram, whereas

Hi:1(2 sin[rkvp])?  for D9 — D9 and D5 — D5 sectors,
N, = (3.3)
(2sin[mkvs))? for D9 — D5 sectors

denote the number of fixed points in the internal space and in the third internal torus,
respectively (We consider for simplicity D5 branes whose world-volume span the third
internal torus 7%.).

Also, 7 takes the values of: sign(][s_, sin[rkva]) for all sectors of D9-D9, D5-D5,
D9-D5 where the orbifold action twists all tori, (—1)¥% for all sectors of D9-D5 where the
orbifold action leaves untwisted a perpendicular torus Ti2 to the D5 brane (all the above
are N = 1 sectors), and zero for sectors of D9-D9, D5-D5, D9-D5 where the orbifold action
leaves untwists the longitudinal torus 7% to the D5-brane (which are N' = 2 sectors).
Notice that particles and antiparticles contribute to the anomaly with different signs as it
should be. Let us stress that the interpretation of the factors Ng is different for D9 and
D5 branes. Whereas D9 branes fill the whole space-time and therefore couple to twisted
axions localized at all fixed points, the D5 branes can only probe some fixed points and
their associated axions. Correspondingly, their couplings to such axions are different with
respect to the D9 brane couplings.

3.1 General formulae for the disk couplings of axions to gauge bosons

We would like to illustrate our results in some concrete examples such as type I compactifi-
cations on T°/Zy orbifolds. The resulting Chan-Paton group is typically non semi-simple
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and indeed contains one (for N = 3,7) or more abelian factors which are all superfi-
cially anomalous. When N is even, there are Zs elements 7 in the orbifold group. The
Q7 involution where (2 is the (generalized) world-sheet parity, generates O5-planes in the
configuration. Db5-branes are then needed for tadpole cancellation and the gauge group
comprises two different kinds of gauge groups.

Denoting by v the discrete Wilson lines, projectively embedding the orbifold group
into the Chan-Paton group, we may parameterize them as follows:

%a) = exp(—2mi ®, 7ACN H,) (3.4)

T

where H, are the Cartan generators of SO(32)(O‘) with a = 9,5. They are normalized to
tr(H,Hs) = 20,5. For N odd, the conditions for (un)twisted RR tadpole cancellation are

3
tr[’yéz)] =32 H cos(mkuy) (3.5)
A=1
where i runs over the three two-tori. Both signs in (’y%g))N = #£1 are possible but the two

choices lead to equivalent physics. For even N instead, only (v (9)) (7§5))N = —1is
allowed. The form of the other twisted tadpole conditions is model dependent. Clearly
ng = ns = 32 unless one turns on a quantized NS-NS antisymmetric tensor. Moreover
0?2 = 1, implies (yg)))T = :I:vg)) the standard choice is plus (+) for p = 9 and minus (—)
for p = 5.

In order to study the fate of the anomalous U(1)’s, it is convenient to introduce the

combinations

- mza (3.

where i denotes the brane and Q] = (0,0,...,0,1,...,1,0,...,0) are 16-dimensional vec-
tors, with n one-entries at the position where the corresponding U(n) lives. Notice that

N's satisfy tr[\\;] = 26;;. Also
1
triveAil = —iy/ngsin(2nkV;)  tr{ydidj] = 5 cos(2mkV;)0; . (3.7)

Notice that for k = N/2, the latter traces vanish since V; are of the form 2¢ + 1/N. This
sector can only contribute with an internal volume dependent term associated to anomaly
cancellation in D = 6.

The masses of the anomalous U(1)s have been computed in [[[4]. Here we review the

results:

e N =1 Sectors: The contribution to the masses for N' = 1 sectors of Zy orbifolds,
labelled by k, are (we assume that the D5-branes are longitudinal to the T3 ):

1 1 1

§M929,k = §M§5,k = - &TTN V INENENG tr [y At [y '] (3.8)
1
§M§5,k = 7T3N \/N tr [y A |tr 'yk)\b] (3.9)
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where, 7 is sign <Hi:1 sin[wkwﬂ) when all tori are twisted and (—1) when a per-
pendicular torus to the D5 brane remains untwisted by the orbifold action. Also
N} = (2sin[rkv;])? is the number of the effective fixed points of torus T7.

e N =2 Sectors: For such sectors, one v;k is integer i.e. one torus is untwisted by the
orbifold action. This torus can be longitudinal or perpendicular to the D5 branes.
Without loss of generality, we can assume that the longitudinal torus to the D5 brane
is T3 and the not untwisted-perpendicular one (if any) is T5.

Therefore, the contribution to the masses for N’ = 2, k sectors of Zy orbifolds are:

1 1 2V

§M9297k — §M257k,” = ~ i3y \/ NENZ tr[yp A Jer [ye A7) (3.10)
1 2V -1
§M§5,k,J_ = — % \/N,%Ng’ tr[wk)\a]tr[yk)\b] (3.11)
sMos ) = sy T A e[y (3.12)

where 7, = (—1)*¥* and V; denotes the volume of the internal torus 7. Notice that
| and L denote that the kth sector leaves invariant the longitudinal (third) or a

perpendicular (second) torus to the D5 brane.’

We extract the disc axionic couplings to a gauge boson M/, for D9-branes by factor-
ization of the one-loop mass matrix as follows
i [ of ( AT1 AT2 AT3\—1/4 123
= (N NEN, tr{yeA VfeF 3.13
none \/&TTN k( kE+VE k) T['Wc a] f k ( )
iv2V3

= NINDY V4 g Vf e FP? 3.14

where none, T7 denotes the untwisted torus by the action of the kth sector of the orbifold.

k.f
Ma(Q)

k,f
a(9)

Notice also that we have split the sum over the index I labelling the various axions into
a sum over sectors labelled by k& and a sum over f, the ‘effective’ number of fixed points
Nyi. f spans the corresponding set .7-",? . Indices ¢j ... denote tori Tf, Tj27 ..., where the
fixed points are placed. D9 branes cover the entire space and pass through all fixed points.
However, they couple differently to twisted axions which are living on these fixed points.
This difference is denoted by o , the length of the ‘orbit’ of fixed points which are identified
under the orbifold action. In the case of geometric orientifolds of the type Zy, E}: takes
the values:

(3.15)

o 1 k sectors with (k, N) coprime,
kY N/k  k sectors with (k, N) non coprime and k < [N/2]

where [N/2] here is the integer part of N/2. In the last case in (B.19), we used the fact
that sectors N — k and k are equivalent and for k& < [N/2] and all supersymmetric compact

6As an example consider the Z§ orientifold which has vector v = (1, —3,2)/6. Tadpole condition implies
D9 branes and D5 branes which are longitudinal to the 7%. The k = 2,3 are N' = 2 sectors and the
contribution to M2 is given by (), (B.10) respectively.
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orbifolds, N/k, which counts the number of fixed points exchanged by orbifold operations,
is integer for (k, N) non coprime.

For the case of D5-branes, the situation is even subtler because D5-branes couple
to a reduced number of axions i.e. of fixed points. Here, we assume that D5-branes are
longitudinal to the third torus T and they are placed at the origin of the other two tori:

k,f i NN? e 123
M = trviAa VfeF 3.16
“ lnone m( N7 > Freal JE 7 (3.16)
i(1/v/2V) (N
M _ V2VR) (NN M Vfe FL 3.17
a(5)‘l VAN Nl? [VkAa] f k ( )
i/ 2V 1/4
%‘H = \/MT;,(N;%N;?) "t i) Vf e Fl2 (3.18)

where none, || and L denote that the kth sector leaves invariant none, the longitudinal or
a perpendicular torus to the D5 brane respectively.
Similarly one can extract the disk axionic couplings to two bosons Cgb as follows
—t [of (A7l AT2 T3\ —1/4 123
= ———=\\/ (. (N NN, tr[ Ao A VfeF 3.19
none V23N k( 8 N V) [VkAa o] f k ( )

k,f _ TV2V3 [F a2 14 19
®O|rz BN GANEND) Y e [y Aa ) VfeF (3.20)
for D9 branes and
; 1ar2\ 1/4
k.f I N N 123
Cab(S) none  \/2m3 N < Ng, > tr [V Aa s VfeF; (3.21)
. 1/4
kJ _ —i(1/V2W) (N 3
Cab(t')) ‘J_ - VAN N;:, tr{veAaAp] VfeF; (3.22)
—1i4/ 2V 1/4
5&3{5)‘” - - (NziN;?) / tr[yeAa o) Vf e FL (3.23)

VAT3SN

for D5 branes. The normalization of C's is such that all sectors contribute with the same
footing in M!C!. By construction, in our Chan-Paton basis there are no mixed couplings
between D5 and D9 brane anomalous U(1)’s.

4. String derivation of anomalous couplings

In this section we will sketch the string derivation of the anomalous three vector boson
amplitude and argue that its anomalous variation cancels if RR tadpole cancellation takes
place. Extracting the ‘finite’ CS terms turns out to be scheme dependent very much as in
the effective field-theory, one should be able anyway to choose a ‘symmetric’ scheme. We
will show how the axionic couplings can be unambiguously extracted and propose a natural
prescription for identifying the relevant regions in the moduli space contributing to the

triangle anomaly and to the GCS. We will also check that spacetime supersymmetry relates
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the GCS couplings to non-minimal couplings of two (neutral) ‘photinos’ to (anomalous)
abelian vectors [2J].

As shown by Green and Schwarz in their seminal paper [f] and confirmed by In-
ami, Kanno and Kubota [BJ] in a manifestly covariant approach, anomalous amplitudes
in theories with open and unoriented string receive contribution from the boundary of the
one-loop moduli space in the odd spin structure. This results from the subtle interplay
between the presence of one ’supermodulus’ (spin 3/2 ’worldsheet gravitino’ zero mode)
and one conformal Killing spinor (spin —1/2 zero mode) [BJ]. The former brings down
the worldsheet supercurrent G = v - 90X from the action or, equivalently, requires the in-
sertion of §(3) = e~ ¥ that absorbs the zero mode of the anti-superghost § = e?9¢. The
latter requires the insertion of §(y) = e*¥ that absorbs the zero mode of the superghost
v = ne~% or, equivalently, allows to fix the position in superspace of one of the vertices,
e.g. the ’longitudinal’ one.

Focussing on potential gauge anomalies that only involve open string vectors and
integrating over the single fermionic supermodulus (y = +y, depending on the reflection
/ boundary conditions), one gets

Aw (ki G O = o) / ot | [T [ (4.1)
(2) HV ki, Giiyi)V (kn = —Zki,CN = kn;yn))

where V(k;, G yi) = ¢H(0X, + ik; - ¢¢ﬂ)eik'x denote open string vertex operators (in
the ¢ = 0 superghost picture) i = 1,... N — 1 = D/2 (with even D). The last i = N
‘longitudinal’ vertex operator V(kn,(n = kn;yn) = k:f%teik'X can be expressed as a
commutator V(ky,(y = kn;yn) = [Q, e*X]. Commuting the worldsheet supercharge Q
through until one gets

[Q,Gn] =" Tam (4.2)

and relying on the conformal Ward identity for the insertion of the worldsheet stress tensor

Tom yields

A (ki s k) = TuyNalVy / dP XodP / dt (4.3)
0
dtdez HV k‘z,Cuyz #Z]VkZaCN—kNayN»a

where N, and N, are Chan-Paton multiplicities and Z, the contribution of the sector (a, b)
of the internal CFT, is a constant in the Ramond sector and coincides with the Witten
index.

Integration over (non compact) bosonic and fermionic zero modes finally gives

A (kis G O = k) = 2m) P87 (Y k)2 o s - Cpy R - Ky Tap Na N
>~ d ik X Jikn X
/0 thIZ[dy,(e e"N ) (4.4)
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Notice that most of the ¢ dependence has cancelled between bosons and (periodic) fermions,
which have the same (zero) modes thanks to the flatness of the surface.

Irreducible chiral anomalies are associated to amplitudes such that all vertex operators
are inserted on the same boundary [B4]. The planar contribution from the Annulus and the
unorientable contribution from the Mdbius strip cancel against one another after imposing
RR tadpole cancellation in sectors with non-vanishing Witten index [[L2].

Reducible / factorizable anomalies are associated to non planar Annulus amplitudes
such that insertions are distributed among the two boundaries. The divergence is regulated
by momentum flow” and one can extract anomaly cancelling on shell couplings of closed
string axions (p-forms) to open string ’composites’. This is the essence of the celebrated
Green-Schwarz mechanism in D = 10 and its generalizations in lower dimensions [{, B4, [J.
Not without some effort, in D = 4, where N = 3, one can thus compute the PQ couplings
CI and the mixing coefficients M, I previously described. Whenever the combination
Z I Mk is not totally symmetric (i.e. generically) additional generalized Chern-Simons
couphngs (GCS) are required for the gauge invariance of the EFT description.

4.1 Direct computation

In principle, one could directly compute GCS in string theory in a similar way, e.g. by
relaxing (3 = k3. Thanks to the Killing supervector in the odd spin structure, one can
still fix in superspace one of the insertions which amounts to using a vertex (s - 1e*3X.
Integration over 1y then yields (13 = 6 x 5/2 — 2) terms of different kinds depending on
the choice of 4 out of 6 fermions, one from the supercurrent, one from the ’exotic’ vertex
and two each from the standard vertices, to soak up the 4 zero modes.

We have to evaluate:

Y1
/ dt/ dyl/ dyg/sz X (4.5)
ChOXY + ik )™M XY COXY + ikathapt )X e X3 (1, \0X2 + 1. 20X2))

Since the internal CFT contributes ‘topologically’ to anomalous amplitudes, the relevant
contractions involve only the non compact bosonic coordinates and their fermion partners

in the odd spin structure. On the covering torus 7 the propagators are given by:
! V1 (z — w|r) |? Im?[z — w]
G =(X(z,2)X Iy =— | -log|———+= oQr——

S(z,w) = (Y(z, 2)Y(w,w))r = —0.G(z,w) . (4.6)

The latter is bi-periodic, but not analytic. For the Annulus with the involution z — Z =
1 — z, one gets:

(X (2)X (w))a = %(G(z,w)—i—G(z,u?) + G(E,w)JrG(E,qD)) = G(z,w) + G(z,®) (4.7)

"When one of the two boundaries accomodates only one insertion, one needs to relax momentum con-
servation or to go slightly off-shell to regulate the amplitude.
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since G(z,w) = G(Z,w).
We have to evaluate two kinds of terms. Terms with 4 worldsheet fermions and terms
with 6 worldsheet fermions. The former (4 fermions terms) yield

(GuOXT)e™X ik oy U )e™ X2 Guie™ Xy, \0X2) =
iEOVp)\Cl p2 CQ CS e—klkgG(l,Q) e—k1k3G’(1,3) e—kgkgG’(Q,?)) % A
nPo Sv Gp

X [ikgalau, 2) + ikloy G(1, 3)]
x ([iki\azG(z, 1) + ik)8.G(2, 2) +z'/<:§aza(z,3)] —|—77“)‘3231G(z,1)) . (4.8)

where A =¢~2 comes from the normalization of the fermionic zero modes ( ~ t~/2 each).
A similar contribution is obtained with the exchange of 1 and 2.

The latter (6 fermion terms) yield

(Gulik T ot )™ X ik oug s )e™ X Gube®s sy, \0X2) =
Zp,l.; C}i sz— CE C;’ e—k‘lk‘gG(l,Q) e—k1k‘3G’(1,3) e—kgkgG(2,3) %

A<S(1, 2)[_nnoeuup)\ + nlwe;wp)\ + nuoenupA _ UHVGRUPA]
+ S(1,3)[—1f PehA 4 TN L S (2, 3) [P 4 PN

, )[nmAeuaup _ nu)\emaup] + 5(27 Z)[na)\enuup _ nu)\emuap]

+5(1,2
+5(3, z)np’\e’““”’) <z'/<:,1\8G(z,1) +ik20G(2,2) +z‘k§aG(z,3)) . (4.9)

The explicit presence of two extra powers of momenta makes it clear that this contribution
emerges from higher derivative string interactions.

In fact, the only potential low-derivative contribution correspond to the contraction of
0X (in the worldsheet supercurrent) with X (7) in one of the two standard vertices. This
yields

Alkis G) = 2m)*6* (O ki)epwpoCl G RECT % (4.10)

 dt .
/0 3 /d2szyi8281G(z,y1;t) Hexp(—kzik:jG(z,])) +(1<2).

i<j

The integration over z can be performed explicitly and yields a constant [BY]. If
momentum conservation were imposed, the subsequent integrations over y; would simply
yield powers of ¢ since k;-k; = 0 for three on-shell (masseless) vectors. Relaxing momentum
conservation, which is tantamount to postponing integration over the center of mass of the
string X until the very end, regulates the amplitudes and allows one to identify the various
effective field theory contributions from the various ’corners’ of the one-loop moduli space.
Subtracting the residue of the simple pole at t = 0, that unambiguously yields the axionic
exchange (closed string IR ~ open string UV) and splitting the remaining ¢ integral into
two regions Ics = (0,7) and I, = (T,00), it is easy to convince oneself that the latter
exposes the triangle anomaly (open string IR) while the former exposes the GCS couplings
that are generated by massive off-shell closed string exchange or, equivalently, by massive
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open strings circulating in the loop. As manifest in the need of introducing a cutoff T', the
last two contributions cannot be separated unambiguously. Yet the total string amplitudes
is clearly T independent. Any choice of T is a choice of scheme very much as in the effective

field theory description.

4.2 The susy analog: v — 2%

For supersymmetric theories, in the low energy effective description one also has [R3]:
Lyrr = Eij,kS\jO'“)\kAL + h.c. (4.11)

with the same E’s as in the GCS terms. This can be easily deduced in superspace, since
both GCS and the VFF coupling arise from

Eijx / d*OViDVIWE + h.c. (4.12)

Unfortunately this means that the corresponding one-loop VFF amplitude is also naively
divergent / ambiguous. In fact it receives contribution both from the odd and the even spin
structure that neatly combine to reproduce the GCS amplitude, up to obvious kinematic
factors.

Our analysis shows that, at least for amplitudes with external fermions, the correct

prescription is to insert one picture changing operator
1
T(20) = {QBrs,&(20)} = € + PG + §€+2“’(5377 — 20bn) , (4.13)

rather than integrating over the supercurrent G insertion. The latter prescription would
give unphysical branch cuts in this case while it gave an equivalent and thus correct result
for the three vector amplitude above.

For this reason let us recall the form of the vertex operators in the relevant superghost
pictures

VBI/2 = u®S e ¥2y etk X

Vfl/2 = @dagaSaaXMe“’/QE‘L X 4 = lim I‘(zo)Vﬂ/Q(z),
Z0—Z2
VS = ¢MOX, + ik - pa,) e K
VNS = ¢ em? X (4.14)

The relevant contributions for amplitudes with a low number of insertions come from the
action of the term proportional to e*?G = et (20X + Gint) in T'(20) . The internal spin
fields that appear in the gaugino vertex operator can be bozonized as follows:

Y = ellvetesten)/2 - ot = gmilprtested/2 (4.15)

In a given spin structure «, the amplitude that we are to evaluate is

Avpr = (€2P0X (20)u® (k1) Sae~ /2 8e™ 515 (k) O
Stem PR Na g (X1 + ikyyt) e ) (4.16)
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Eventually one has to sum over both even and odd spin-structures with the GSO projection
Ca-

The fermionic block is:
(PP e™?/28, 2 ¢2C o (OXH + ikgihpH)) (4.17)

and the fermions can be bosonized as: * — (+1,0), So — (—=1/2,-1/2), Cq4 —
(—=1/2,41/2). Current algebra Ward identities also yield

ik (N (0)Sa(1) Cal@)"w(3)) = ik} | (o — 550h;) G (20 — ys)

1 1
+§(UV“)aﬁ(U,\)ﬁa53G(y3,yl) + 5(@)&5(0”“)5@530(2/37?/2)
(4.18)
Finally the internal orbifold CFT contributes
9 (w + k"U[)
Yy )T — —3/4,9 (Y12 al"g 41
(EW)E(12))a = d1(y12)" Va5 )11 ERTREE (4.19)

1

where the effect of the orbifold projection (viz. kvy) has been taken into account.
Assembling the various pieces above, up to the kinematical factor uos*v(,, one gets

B (12/2) 1 Yalyi2/2 + ko) .
U1(y12) IHl 01 (kvy) . [{nA 903G (20,y3) +

3 3
> ik)0:Glz0,5) Y ik 0:G(2.5)}
i—1 772

H 2 00 (0) 0 (3G lus.11) — 3G, 2)

1

=300 (75 (G s, 1) — DGl 20)) |

3
X Z ik 00 G 20, yi)]
=1

(4.20)

Taking the limit k; — 0 and fixing the position of y1, one has to perform the sum over
the spin structures (at fixed twist structure)

3

an/ /dygd y12/2 H y12/2 +kv1)8063G(Zo,y3) . (421)

alyr2) 1% a(kvr)

For ¢, the coefficients of the GSO-projection, one can make use of the identity:

1

1 4 4
5 Z (—1)a+ﬁ+o¢[3 Hﬂ[g] (v;) = — Hﬁl(vl
aB=0 =1 i=1
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where v] = —v; + % > v, and find that

5 S Dalyro/2) T] Balna/2 + ker) = ~9(n2) T] dalhor)
« I 1

and therefore all ¥,s exactly cancel. One ends up with an amplitude similar to the one for
the insertion of three bosonic VO’s, that in the same k; — 0 limit reads

dt
~ /t—g/dyzdysaoagG(Zmys)- (4.22)

Once again extracting the susy counterpart of the GCS is scheme dependent but one can
unambiguously identify (supersymmetrized) axion exchange with the residue of the simple
pole at ¢t = 0. Introducing an open string IR cutoff T as above, one can associate the
contribution of the susy partners of the GCS to the interval t = (0,7) and the ‘massless’
open string loop with the region ¢ = (7, 00). One has to keep in mind that only the total
sum is T independent and thus unambiguous, the individual contributions are non gauge
invariant and thus ambiguous (scheme dependent).

5. Heavy fermions and low-energy effective actions

So far we have analyzed in detail the structure of the anomaly-related effective action for
orientifold models. We have seen, that apart from the generic appearance of anomalous
U(1)’s, there is a rich pattern of axionic couplings and GCS terms. It is an interesting
question if such patterns emerge in EFTs of UV-complete® quantum field theories. In
particular, we are interested in knowing, whether in the anomaly sector of an EFT, we can
distinguish whether the UV completion is stringy or a UV-complete QFT.

To proceed we consider a consistent (i.e. anomaly-free) and renormalizable gauge the-
ory with spontaneously-broken gauge symmetry via the Brout-Englert-Higgs mechanism.”
Through appropriate Yukawa couplings, some large masses to a subset of the fermions can
be given. We denote by ¢(LI§% such massive chiral fermions. Their U(1); charges are ng%z
In the sequel, we will generalize the [R9, calculations of the effective anomaly related
couplings in the EFT, generated by the loops of the heavy chiral fermions.

The relevant terms in the effective action of the heavy fermion sector of the theory are
—(H . H)i 4 H —(H . H)i i H
Ly = ¢(L ) <w“8u —|—X£ ) VMAM> (L ) —{—T,Z)g% ) (w“@u —i—X](% ) WMAM) 1/)5% )

— (Mo Pui” +ne) (5.1)

where ¢! are a set of Higgs fields of U(1); charges X%, They spontaneously break the
abelian gauge symmetries via their vevs, (¢!) We are interested in a chiral fermion set,

X x (D xis 0, (5.2)

8We define a QFT to be UV-complete if all gauge couplings are asymptotically free or asymptotically
conformal.

9Strictly speaking quartic scalar couplings necessary for the Higgs potential are IR free. We will still
call this a UV complete theory as the scalars could be bound states of fermions.
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If the associated Yukawa couplings are large, )\f{ > ¢;, spontaneous symmetry breaking
generates large Dirac fermion masses My = )\? vy, where (¢7) = v;. We consider the heavy
fermion decoupling limit, with fixed Higgs vev’s and fixed gauge boson masses, whereas
My — oo. If the initial theory were anomaly-free, i.e.

D (XLXPXE = XpXpXp) O + D (XL X X] - XpXp X)) =0, (53)
l H
where (1) denote the massless (light) fermionic spectrum, then in the low-energy theory (i.e.
at energies below the heavy fermion masses) with the heavy fermions integrated-out, there
are Adler-Bell-Jackiw triangle anomalies coming from the light fermions. There will also
be Wess-Zumino-like couplings generated by the loops of the heavy fermions. The result-
ing low-energy action, for simple gauge groups, was worked out in specific regularization
schemes in various papers starting with [B0]. After symmetry breaking, we parameterize
the scalar fields by
¢or = (vy+hr)evr | (5.4)
where h; are massive Higgs-like fields and a; are gauge-variant phases (axions) which will
play a crucial role in the anomaly cancellation at low-energy. To be definite, we consider a
larger number of abelian gauge fields than gauge-variant axions. The gauge transformations
of gauge fields and axions are

5AL = Oy, Sa; = vy X} €, (5.5)

where Xt are the U(1); charges of ¢.

We can compute explicitly the eventual GCS terms by performing a diagrammatic
computation starting from the action (f.1). In order to do this, we start from the corre-
sponding three gauge boson amplitude induced by triangle diagram loops of heavy fermions
and expand in powers of external momenta k;/Mpy. We work in a basis of left (L) and
right (R) fermionic fields, with the fermionic propagator having the components

—

p?— My

_MH

SpL(p) = Srr(p) = 20T
"

Scr(p) = (5.6)

The purely left and right propagation in the triangle loop is similar to the computation
of the anomaly with massive fermions in the loop and will only be sketched here. The

corresponding contribution to the three-point function is of the form °

, o — i +d p+d
TV (p, krka,a) = iy (XpXEXE) ¢ Vb v
ijk (pa 1 Q,Q) H( RR R) T{ (p—k1+a)2—M12{7 (p+a)2_M12{

, Ptk +d 7,Llw,]
(p+k2+a)2—M12{ 2 ’

(5.7)

for the right-handed fermions, where a is the shift vector [P§], and a similar expression with
obvious changes for left-handed ones. Only the linear terms in the expansion do correspond

10See appendix A for notations and conventions for triangle diagrams.
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Figure 1: The first diagram is one of the twelve diagrams which contribute to the GCS terms.
The second is one of the six diagrams which contribute to the axionic couplings. Both are obtained
by integrating out heavy fermions.

to GCS terms. By expanding to linear order we obtain
vpp vpp o 9 cwpn o 9 twen
F@]k (p’ ki’a) = szk (p’ 0?0) + kl %ka (p’ kl’0)|/€10 + a %ka (p,oaa)|a=0’ (58)
(2
the shift vector is parameterized as
a%k = Aijkk? + Bijkkga s (59)

A straightforward computation indicates that the term in the effective action, originating
from the second term in the r.h.s. of (p.§) is proportional to

tg?L_R/(Ai/\Aj/\Fk+Ai/\Ak/\Fj) (5.10)

where

tz(‘jk),L—R = (X} X7 X5 — (Xp X3, XF) D (5.11)

It vanishes identically, since tz(ﬁc) _p is symmetric in all indices, whereas the GCS terms
are antisymmetric in two indices. On the other hand, the last term in the r.h.s. of (F.§)
gives a surface contribution in the loop momentum p. The surface integral is evaluated to

be

2 2
4 D" Pe ™
/d P (%m = —ZT]O—E . (512)
The contribution to the effective action therefore is
1 1 H _ : S
SO = pE Stk /(AijkAl NAFANFI — B ATA AT AFF) (5.13)
H

We observe from (f.13) that the contribution to the GCS terms coming from diagrams
without mass insertions are zero in the natural scheme in which the anomaly is split
democratically between the different external currents (the symmetric scheme).

The new interesting ingredients in the massive fermion case appear due to the mass
insertions in the propagators Spr(p). Mass insertions on two of the three fermionic prop-
agators produce new contributions which are UV finite and easily evaluated. There are
twelve new diagrams corresponding to the three possible ways of distributing the mass
insertions, to the symmetrization of the external bosonic lines and to the two types of
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components (left versus right-handed fermions) in each propagator. We portray just one
example. For mass insertions on the propagators of momenta p — k1 and p + ko , one of
the contributions to the three-point function is

My~” P’ MpA*
TYPH (. k /{? (2 — XX]X (H)t |: 1
MH o lj v MH u 1+75

+ (5.14)

v v v
(p—ko)? = Mp ~ p> = Mp~ (p+k1)* — M 2
Since the result is finite, we don’t need to introduce a shift vector a. As before, we expand
in powers of the external momenta and we keep only the linear term. By a straightforward
computation we find

d*p 4M 2 d*p 1
T (p, K, ko)) = €% (kg — k) 1 (xj xfxp) " )/
/ (2m)* ik ° %: 3 LURTE (2m)* (p? — M})?
(5.15)
The result (f.17) gives a finite contribution in the My — oo limit. By adding the twelve
different diagrams, we find a local term in the effective action

1 . . . .
Stes = gamz 2 (XiXh — XpX7) !0 (XE + X)) / A NAj A F (5.16)
H

The lagrangian (f.1) contains also couplings of axions to the fermions, of the type
LYuk = —i )\?alﬁ(m%w(m + (517)

where the ellipsis stands for higher order couplings that give no contributions in the Mg —
oo limit. The axion-heavy fermion couplings generate axionic couplings to gauge fields
through one mass insertion in triangle diagrams. There are six relevant diagrams. We
consider as an example the one with the mass insertion on the fermionic propagator of
momentum p+ky. One of the two contributions to the three-point function ffj” (p, k1, k?g)(l)

is equal to 1!

. o - M 15
i M xi xay(Hi) 4y Pk ~H y Hi Y ] )
Z I ( L L) 5 (p — k1)2 _ MIQJI p2 _ MIQJI (p + k2)2 _ M12{1 2

Hp
(5.18)
It leads to
/ d'p T (p, by, k) D €8 (kYo (k2)s S AT My, (X XJ)(H’)/ d'p P
amyi s PR o N R C)? (2 = M, )
(5.19)

We take the limit )\?I — oo with fixed vy. In this limit (5.19) survives and is proportional
to 1/vy. Adding the five other diagrams we get the axionic couplings

Sax = 9672 SO (XL X + XpXE) + X) XG, + XX WD / — FiANFE; . (5.20)
I Hy

"The heavy fermions H obtain their mass generically from a single Higgs, whose phase is a;. We denote
this by Hr. Therefore, a sum over Hy is over all massive fermions who get their mass from the I-th Higgs.

,26,



On the other hand, the kinetic terms of the Higgs fields ¢; generate the Stiickelberg mixings
|0ur — iX1ALG1* — (Opar — XjvrAj)? . (5.21)
We therefore find the following GCS terms, axionic couplings and kinetic mixings

1 y o
Bijx = 7Y (Xp X% — XpX)(XE + x7)H)

4
H
Ch = — YRXLX] + XpX]) + XEX] + Xip 7)1,
4oy I
I
Ml = v XE = o (XE - XR)(H’) , forevery Hy . (5.22)

There are some obvious checks of the formulae above. Clearly the GCS terms should cancel
in the non-chiral case Xi = X%. In the particular chiral case Xz = —Xﬁ, they should
also cancel since the GCS terms have to be antisymmetric under the left-right interchange
X « X} and the first term in the GCS terms in (§.29) is already antisymmetric. Notice
the following identities which prove the anomaly cancellation conditions are satisfied as a
particular case of the more general analysis performed in section 2

1

3(Mf Cl + M{Cl+ M{cC])) = 3 S (X XIX] - XpX3, X)) (5.23)
H

1 1 o o

g(MzIka — MjC},) = 1 > (Xp XY = Xp X)) (X + XP)U = By

H

Moreover, in the case where all the U(1)’s are massive, comparison with (2.49), (2.51)
indicates that the gauge invariant GCS are given by the second line above.
The gauge variations of the induced GCS terms and axionic couplings in (5.16) and

(B.20) are

1 o .y
5(Sgos + Sax) = T D (XiX] X[ - XpX3,X5) / & F; N Fy, . (5.24)
H

This anomalous variation is 1/2 compared to the standard anomaly contribution in the
appendix, (A.14). The reason is that (5.24) is not yet the full anomaly (see e.g. [2]).

Indeed, the classical value of the divergence of the heavy fermionic current is

8MJ,SH) — iMH(XJi% _ Xi)(H) @(H),y w(H)

where J{ = Xp™ g0 gD 4 x P g T (5.25)
The matrix element of this classical part can be evaluated diagramatically. The computa-

tion is basically identical to the computation of the axionic couplings above. The result,
in the decoupling limit My — oo, is

(i My (Xp — X)) G ygpUD | AL () AY (ky) ) = (5.26)
1

15z Xk — XD WR(XXE + XpXE) + X7 XG + Xp X[ 0 (k1 )a (k2)s
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When subtracted in order to define the real anomaly, the result in (p.24) is multiplied by
a factor of two and can correctly be cancelled by the anomalies of the massless (light)
fermionic spectrum, by using the initial anomaly cancellation conditions (f.3J). Although
iM H(X}%—Xi)(H ) p(H) yeap(H) i not an operator in the effective theory after integrating out
the heavy fermions, its effects can be accounted for by doubling the axionic couplings (5.29).
In doing so, the anomalies are cancelled up to local GCS terms. As we already discussed, the
coefficient of the GCS terms can always be changed by scheme redefinition. The simplest
scheme is the one in which the anomaly is democratically distributed among the anomalous
currents in the light fermionic loops. In this scheme, the GCS terms and axionic couplings
are given by

Eijr = 3 > O(XEXT - Xpx ) (xp + XH)U
H
Cli = 5 DRAXLX] + XpXp) + XL X5 + XpXx7) 0 (5.27)
U1
Hp

It is important to emphasize that, while the GCS terms are scheme dependent due to (p.13),
the axionic couplings (p.27) are UV finite and therefore scheme independent.

Up to now, we have discussed in this section only massive gauge fields, which look su-
perficially anomalous at low energy due to our ignorance about the high-energy anomalous
set of heavy fermions (1), The formalism easily incorporates massless and non-anomalous
gauge bosons A,,, which are defined by the necessary (but not sufficient) condition that
the Higgs fields ¢; be neutral X7* = 0, which implies in our renormalizable examples that
the heavy fermions are non-chiral X7" = X7?'. As a result one has E,,,;, = 0 in agreement
with our previous findings.

In conclusion, the decoupling of heavy chiral fermions by large Yukawa couplings does
generate a generalized Green-Schwarz mechanism at low energy, with axionic couplings
canceling anomalies of the light fermionic spectrum. It also leads to generalized Chern-
Simons terms which play an important role in anomaly cancellation, in analogy to the
string orientifold models we analyzed in the previous sections.

A very important and interesting question is the comparison of the results of this
section with the string theory results of the previous sections and try to find possible dif-
ferences. If possible, this would be a remarkable way to distinguish between low-energy
predictions of string theory versus 4d field theory models. We were not able however to
find such a difference. Our present conclusion is therefore that any experimental signa-
ture like anomalous three-boson couplings at low energy is a strong hint towards, either
an underlying string theory with generalised anomaly cancellation mechanism, or a stan-
dard renormalizable field theory with very heavy chiral fermions, which generate a similar
anomaly cancellation pattern.
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6. Three gauge boson amplitudes

Ap /{?2 AP
k
D+ ko
A (k3)
AY
A” (k1) J

A
I o
Al + - (6.1)
A

There are three diagrams (6.1)) to evaluate: the anomalous triangle diagrams, the tree-
level axionic exchange ones and the ones coming from the contact GCS terms. In the
following we define: t7%F = S AQ}Q;Q’}] The triangle amplitude in (B.1)), in momentum
space, is given by

risk | _ Z3tmk/ dp Triv,@ + k)77 — K1) 7s)
pvpll—loop = (2m)* (p+ k2)2(p — k1)2p?

(6.2)

and can be decomposed according to

ngph loop — t ]k[Al(kla k2)6,ul/pok32 + AQ(kla k2)6,ul/pok31 + Bl(kla k2)k2ueupo7—k2 kl
+BQ(k17 kQ)klueupaTk2 kI+B3(kla kQ)kaGMUO'TkQ kI+B4(k717 kQ)klpeuuaTkgkﬂ
(6.3)
where A’s and B’s functions of k1, ks.

The coefficients A;, B; are computed in appendix D. The three different contributions
are given by

ik jk
F:fyp - Fz yp’l loop + F}u/p‘axlon + FLVP‘CS bl (64)
where

F:fyp|1 loop — t ik [Ale,ul/pokg + A2€,u,1/pak31 + Blk2ueupo7—k2 kl + BleuE,upm-kQ kl

+ng32p€w/07—k2 kﬁT + B4k1peu,,mk:2 k‘T] , (65)
ks k1, ko

Pi"fp axion — M[cjk( k2 >€ypo—7-k2 kT M]C < k2 >EPM7'Uk2 k3 CU< k >6MVTJk3 kT

2

i kK1t kop) ki K1y ko
= —M}C} WEVPUT]{:S- ’{—i‘M}CIZ kQ EupO"TkZ kT C}] ka EMVUTkQ kT
(6.6)

Fﬁfp‘CS = _Eij’kfw/pakg - Ejk’ievmwkg - Eki’jemwakf

—(EY9% — IR e 1 pokg — (B — ETR0)e,, 0 kT (6.7)
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As shown in appendix D, by using the anomaly cancellation conditions (D.2(]), we
can eliminate the scheme-dependent coefficients A; in terms of the finite and unambiguous
coefficients B;. The final result is

- C . .
rik = _tijk(?f‘ + ki1ko By + k2By) — BV 4 EJ’“} S 4
+ 1n(CA L ko By — K2By) — B 4 ik 54
zgk( 3 + K1k D1 2 3) + Cuvpo N1
r Cu ki, . -
+ tijk(?AkL% + kll,BQ + k‘Ql,Bl) + Elj’k — Ejk’lki%:| €Euvor kgkir
I Crk . ok
+ tz]k(_%% o klpBl + kQPBS) + Ekl,] — E]kyl%] eul/O"T kgk{ . (68)
L 2 2

The upshot of our analysis is that in the case of a generalized anomaly cancellation
mechanism, there are anomalous three-gauge boson couplings at low energy (b.8). These
couplings involve at least one massive, anomalous gauge fields, which we call generically
Z' in what follows. These new couplings could be tested at LHC if the masses of the
anomalous , Z’ gauge bosons, are small enough, in the TeV range. This is possible in
orientifold models, but not only R, especially in the case of a low fundamental string
scale. The best signature of these anomalous couplings are the Z’ — Z ~ decays, which
to our knowledge were never considered in phenomenological Z’ models. A more detailed
analysis is clearly needed in to study the experimental consequences of these decays in
future collider experiments and particularly at LHC.

There is an interesting way to analyze the effect of GCS terms in the CP-odd part of
the three gauge-boson amplitude, in terms of its analytic structure. Following Coleman
and Grossman [B{], for the simple kinematical configuration

K=k =k = Q% (6.9)

the one-loop triangle contribution to the 3-boson amplitude is

- 1 -
rgfph_bop =3 tIRC A [ €vpor (K 4+ KY) + €uporkt — €uorkh | KSET . (6.10)

By adding the triangle diagram, the axionic exchange which are both non-local and the
local GCS contributions and after using the gauge invariance conditions, we find the total

result
ngp’total - Fffy]gp’CP:even
1
M2 (€77 (B j — Eijr) (k) + k) + P77 (Eijp — Ejgi)ky
+e" T (Bkij — Ejii) k5] k3 kT
_Eij7k6MVPng + Ejk7ieypua(]€i‘ + k?g) — Eki,jepwjaki‘ . (611)

Notice that the pole in 1/Q? is completely determined by the GCS terms and does not
exist if they are absent.
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A. Triangle anomalies and regularization dependence

In this appendix we will present some known facts about triangle graphs and scheme
dependence. They are useful in our general analysis of the effective action. We use the
conventions of Weinberg’s textbook, [R§] to which we refer the reader for all details that
we omit here.

We use a basis for the fermions so that they are all left-handed. We will package them
into a single spinor 1. The associated charge operator for the gauge field AL is denoted by
Q;. We define the various U(1) currents as

Jf = —ipQinty (A1)
The three-current correlator we will study is

Tk (@9, 2) = (I (@)} ()] () (A.2)

The leading contribution, at one loop emerges from fermions going around the loop. The
total contribution is obtained by summing over all relevant fermion fields.
There are two diagrams for the correlator that can be evaluated to yield

L (@,y,2) = —iTr [S(z — y)Q;7 " PLS(y — 2)Qry"PrS(z — 2)Qi" PL]
—iTr [S(z — 2)Qry*PLS(z — y)Q7 PLS(y — 2)Qiv"PL]  (A.3)

" 1+7° d'p ¢ ;
Po= s == [ e (A4)
Substituting we obtain
TP (2., 2) = itiji / d4k1 d4k2 i1+ )-at iy -y iko-2 / %

P— k1+d , B+d  , prkatd
{ {p ki1 +a)? (p+a)27 (erszra)ﬂPL}Jr

PtV , #+V , P+t
[P ’f22+b rre (p+k11+b)2V”PL]} (A.5)
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with ¢;;, = Tr[Q;Q;Q)] We have shifted the integrated momentum in the two diagrams

using two vectors a, and b,. This reflects the standard ambiguity of the triangle graph and

translates into the definition of the associated current opeartors. Demanding that there is

no anomaly in the vector currents forces b = —a, choice that we keep from now on. The

vector a is parameterizing the leftover scheme dependence of the triangle graph in question.
We may now obtain the following divergence formulae,

ton [ d% dk .
aur‘uyp(x,y,z) _ _ lijk / ar 2 671(k1+k2)-$+lk1'y+2k2'2 evpoT ao(kl + kQ)T (AG)

ik ~ 82 ) (2n)t (2n)t
rvp tijk d4k1 d4k2 —i(k1+ko)-x+iky-y+ike-z _pupot
&,Pijk (x,y,2) = a2 2n) (277)46 € (a+ko)o(k1)r (A7)
v tijk d4k1 d4k2 —3 -x+iky-y+iks-z _pvor
3PF%kp(x,y,z):—87]T2/ G e TR T (= a)o(ha)r (AS)

A generic choice of scheme (i.e. a,) indicates that the divergence structure is asymmetric
among the three vertices of the triangle graph. There is a single choice that is fully

symmetric, namely

a = %(/{?1 — /{?2) (AQ)

We now proceed to construct the effective action for the gauge fields after integrating
out the fermions. To cubic order we obtain

1 B} i |
Sijk = 3 /d4x dly d*z ik (@,y,2) A (2) Al(y) Al (2) (A.10)

where no summation is assumed on the ¢, j, k labels.
Upon gauge transformations AL — AL + @Lei we obtain

1 i % j j vp At vp At j
0Sijn = —5; / [g 0 LT AL (y) A(2) + 10, TP AL () Aj(2) + € 0,0 AL () Al(y)
(A.11)

If a is a constant independent of momenta then it does not contribute to the gauge
variations. We therefore parameterize the scheme dependence as

a = Aki + Bk (A12)

The real numbers A, B can be different for different ijk combinations.

tiik e o
08k =~y (3”%2) / d'z {(A — B)ijre’ €P7 Fl,F¥ + (Byjx + 1) ¢?7 F. FF
—(Agji — 1)k emwro F;VFgU} . (A.13)
We will now fix the symmetric scheme A;j;, = —B;jr = 1/3 in which we obtain the
gauge variation
6Sik = —Wg;z)/d% {52 FINFF &8 FPAFR 48 i AFJ} (A.14)
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where we used

FiNFI = ie“""a F., FJ, (A.15)

We now sum over the U(1)’s to obtain the full cubic effective action in the symmetric
scheme. Its gauge variation is

bigk [ 4 _igi a gk
8S3 = Z(ssijk =i /d e FINF (A.16)
i,5,k
where we have reinstated our summation convention.
We may now study the effect of changing the scheme of the triangle graphs. This is
obtained by setting

1 ~ 1 -
Aijry =3 + Ak Bk = —3 + Bijk (A.17)
The gauge variation now becomes
tljk 4 i j k
655 = —5 2 /d - {g’ FipF } (A.18)
tiik . o . R o o
~ o) /d4x{Aijk(elF] AFE = 5 FF A FT) = Byl AP - TP A FY) )
The extra terms have the same transformation properties as
tiik .

Scounter - _m /d4.%' ertvr |:A ALAlliF[Zo — Z]k: Al A] Fk ] (Alg)

Therefore, in this new scheme, the new effective action is obtained from the old one by
adding the GCS terms in (A.19).
A more direct way to see this is to compute the variation of the effective action between

two different regularisation schemes specified by the shift vectors aijk and agjk, where
a'% = Ajjiky + Bijrka:

Al’fjkp(:c,y, z) = f;;cp|a1 — I’i‘]’;ﬂ@ . (A.20)
By Taylor expanding

0
AP (p, ki a) = (ag — a1)? WF“”p(p, ki, a1)
! oL 72 o TP (k; A21
+§(a2—a1) (ag—al) W ( Z,al)—i-"' ( . )

and noticing that OI'*?(p, k;, a)/0a® OT'*P(p, ki, a)/Op°, we can cast the scheme difference
into the form

AT P (2,y,2) =

o /d4k1d4/€2 e*i(k1+k2)x+ik1y+iky(a2 . al)a %

_t

(271.)12
0 v

/d p thka e [szp:(pa kl, k:25 al) o ng#(p’ k?a kl, _al) ey (A22)

where --- are contributions at least quadratic in the shift vectors a containing at least

second derivatives with respect to the loop momentum p. Since all contributions come
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from the boundary of the loop momentum space, we will see in a moment that only the
first contribution gives a non-vanishing contribution. Like in the case of the triangle gauge
anomalies, the quantity AI’;‘;}; is given by a surface contribution. A simple counting of the
leading momentum dependence for p — oo shows that only the leading contribution

2
L (p, ks ks a) — ~6 (P> (00”7 + D' + pP) — 4phpt D’ + ipe P p, ] (A.23)

is giving a non-vanishing result and only the last term in (A.23) contributes to (|A.29). By
explicitly computing now the surface integral

Pe 1 1 72
/d4p 80-2¥ = —gnge/d4p 822? = —ZUUE, (A24)

we finally get the difference of the effective action in two different regularisation schemes
to be equal to

1 , o
ASE = o / d' diy diz ATPP (2,y, ) Al (z) Al(y) A%(2)

1 . . .
= Wtijk (AA;; — ABW)/ A" N AT N FR (A.25)
We will do hear a counting of the relevant parameters. we start with all possible
independent GCS terms S5, constructed out of N abelian gauge bosons. The relations are,
antisymmetry in the first two indices as well as cyclic symmetry

Sijk +Sjik =0, Sijk +Sjki + Skij =0 (A.26)

We have to distinguish the following cases:

iii) Then the GCS term is trivial

ijj) @ # j. There are two possible GCS terms per pair of distinct gauge bosons, namely
Sij; and Sji;. This gives a total of N(N — 1) independent terms.

ijk) with ¢ # j # k # i. Here out of the three possible terms only two are independent.

The third is related to the other two by the cyclicity property in (A.26). We therefore
N(N—1)(N—2)
3

Therefore the total number is

independent terms.
N(N2-1)
3

obtain here

corresponding to the Young tableau H-.

It would naively seem that this number is smaller than the number of possible schemes,
specified by the coeflicients /Nlijk, Bijk, namely , 2N3. We will now show that the number
of relevant scheme parameters is exactly equal to the number of independent GCS terms.

iii) For this case, we must choose zzliii = Bm = 0 to respect the full Bose symmetry of
the triangle graph.

iij) ¢ # j. In this case, (JA.1§) indicates that the scheme depends only on A— B, and
there are N(N-1) such coefficients.

ijk) with @ # j # k # 4. For this case we have 2 x W such coefficients.

Therefore the scheme dependence of triangle graphs is in one to one correspondence
with all possible GCS terms.
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We now split the U(1)s into two groups, as was done in section fJ. We also add the
non-abelian mixed graphs. Using (JA.14) we obtain the gauge variation of the effective
action due to the triangle graphs in the symmetric scheme,

1

5Striangle = _m

/ { tases® F* AP+ typre™ F" A (A.27)
Ftmap(26® FO A F™ 4™ FOA FY)
Hamn(26™ FCNF™ + % F™ AN F™)
+T%,(2Tr[e G A F® + ¢ Tr[GY A GY)
FT™ (2Tefe GO A F™ 4 ™ TH[G A GO‘])}
The tensor T is given by the cubic traces of the U(1) and non-abelian generators,

T% = Tr[Qu(TT)%] , T™q = Tr[Qm(TT)"] (A.28)

with (T'T)“ the quadratic Casimir of the a-th non-abelian factor.

B. Basis changes

In this appendix we relate effective couplings in the D-brane basis, as calculated in string
theory and the diagonal basis, where the gauge-boson mass-matrix is diagonal. This basis
was introduced in detail in section B, (R.4)-(R.11]). We obtain the following equations
relating the PQ couplings

CM oy = Wimin2Chij . CMoy = WimiM i Cliy , CM o = 2W3, nin* CTi;  (B.1)

Ce = WIMnnSCliy  C%pn = WIMp™ i Clyy . Cpy = 2WIM, ninf" CTy;

(B.2)
pM, =wi cl, , D%w=w! M, !, (B.3)
Mn¢ 1
Cly = =k [cabcnﬁ’n; 5 C ("0 + 1 n?) + camnnﬁnﬂ (B4
a
1
+Wi, [CMbcn?nj- + S C o (005 + 07) + Cann%”nﬂ
I ~I a a b, c 1 a m, b m, b a m,.n
M;C" k=0 | C%enjny + 50 b (0 Mg + 1 n;) + C%mnnf g (B.5)
where we used
MIwi, =0 (B.6)
the GCS couplings
Eupe = 77?77?772 Eiji s Ewnr =007 Eijk (B.7)
Eman = 2(77177177;177]? + WTU?W/Z)EW (B8)

Emay = 200157 — nénbni) Eiji

,35,



Twist Group (99)/(55) matter (95) matter
Gauge Group
Zs 2(15,1,1) +2(1,15,1) (6,1,1;6,1,1) + (1,6,1;1,6,1)
U(6)2 x U(4)ox +2(6,1,4) + 2(1,6,4) +(1,6,1;1,1,4) + (1,1,4;1,6,1)
U(6)2 x U(4)s +(6,1,4) + (1,6,4) + (6,6,1) +(6,1,1;1,1,4) + (1,1,4;6,1,1)
Z4 (4,1,8) + (1,4,8) + (6,1,1) + (1,6,1) (4,1,1;4,1,1) + (1,4,1;1,4,1)
UM4)3 x U8)ox | +(4,1,8) +(1,4,8) + (4,4,1) +(1,1,28) | +(1,4,1;1,1,8) + (1,1,8;1,4,1)
U4)2 x U(8)s +(1,1,28) + (4,4,1) + (4,4,1) +(4,1,1;1,1,8) + (1,1,8;4,1,1)

Table 1: The transformations of the massless fermionic states in the Zg and Z§ D=4 orientifold.

Zaa:n;‘l Zia ; Zma:nzm Zia

(B.10)

1 1
Eijie = 07" 00k Eone + 500§ = 070808 Eman + 5070 = 070810} Emab + 18005 Eabe

2 2

For the charges, we start from the coupling
Sminimal = / 1; QZ AL’YM 1/}

and by changing basis this becomes

Sminimal = / [1; Qu ZV“ Y+ 1; Om YJnVH ¢]
with

Q=09 , Qun"Qi
Therefore
tabe = 0INCTE til o tabm = DCOR ik s tamn ST ik

It is also convenient to introduce the projections

GU =g, G =t G+ G = oY
G projects on the subspace of massive U(1)s while G to the massless one,

GiGik — giv  GUGIR = Gk GGk = GUGIF — 0

We also define )
Mij = gy

This is the inverse of MZQJ in the invertible (massive) subspace. It satisfies

. 1 .
M;mi = WU? , Mini* =0
a
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(B.12)

(B.13)

(B.14)

(B.15)

(B.16)

(B.17)

(B.18)
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C. Explicit orientifold examples

Here we evaluate explicitly the anomaly-related charge traces and the coefficients of the
generalized Chern-Simons terms for the Zg and Z§ orientifolds. We have chosen these
examples as they contain all the non-trivial ingredients of a generic orientifold vacuum.

C.1 Z; orbifold

The orbifold rotation vector is (vi,v2,v3) = (1,1,—2)/6. There is an order two twist
(k = 3) and we must have one set of D5-branes. Tadpole cancellation then implies the
existence of 32 D9-branes and 32 Db5-branes, that we put together at the origin of the
internal space. The Chan—Paton vectors are

1
Vo=Vs = =(L1,1,1,1,1,5,5,5,5,5,5,3,3,3,3). (C.1)
giving
trivig) =0 for k=1,3,5 , triyw]=4 , trly]=—4. (C.2)

The gauge group has a factor of U(6) x U(6) x U(4) coming from the D9-branes and
an isomorphic factor coming from the D5-branes. The massless spectrum is provided in
table [l. The A" = 1 sectors correspond to k = 1,2,4,5, while k = 3 is an N/ = 2 sector.

Anomaly traces

Here we evaluate the mixed anomaly matrixes, from the massless spectrum of the Zg
orientifold (table [ll). We normalize the generators of U(1); so that the charges are +1 for
fundamentals and £2 for symmetric / antisymmetric tensors. This implies that Q12 = A2
while Q3 = %)\3 where )\; are the generators given in (B.6).

We also normalize the generators of the non-abelian factors as T'r[T;Tj]g = 0;; in the
fundamental. This implies for example that for SU(N), the same trace gives T'r [TZTJ]H =
(N —2)é;; for the antisymmetric representation.

Therefore, for the mixed anomalies between abelian and non-abelian factors we have:

tia = Tr[Qi(TATA),] =

where the columns label the U(1)s and the rows the non-abelian factors. It can be directly
verified that there are three linear combinations of the U(1)s which are free of 4d mixed
non-abelian anomalies.
For abelian mixed anomalies we must evaluate ¢;;, = Tr[Q;Q;Qk]. It is enough to
calculate
t = { fijj » for i # ] (C.4)
3tij; , fori=j
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because in this basis (D-brane basis), t;;z = 0 when all ¢, j, k are distinct (chiral fermions
can carry at most two U(1) charges). Therefore:

216 —36 24 36 0 24
36 —216 —24 0 —36 —24

- —72 72 0-24 24 0 (©5)
J 36 0 24 216 —36 24
0 —36 —24 36 —216 —24
—24 24 0-72 72 0

Anomalous U(1) masses

The various contributions to the mass matrix are

Lo

3
o Mo = _48773(
%
+3(treXltrbeX) + trhadllrad))) ) = Z5trheAlltrhe)] (C.6)

triy A e[y )] + tr[ys ADJtr s A

and similarly for Mss ;;, while

1 V3
5 M5 = —@([Whﬂ?]ﬁ“hv\?] + triys A]tr[ysAD)
iy
+trleAire ] + trivaXliraN]) — trbeXlirbeXl]. (1)

This mass matrix has the following eigenvalues and eigenvectors:

m} =0 ; A1+A2—z‘:11—/:12+\/6(143—/~13),
m2 = 3v/3/2 Al — Ay — A+ Ay,
m2 =33 ;A1 — A+ Ay — Ay, (C.8)
m2 = 40V3/3 : —\/g(AlJrAz—fL—fiz)—Aerfis,
_ 2 ~ ~ ~
m = TYEHSOVEVUT I00VER ROV (A 4 Ay + Ay + Ay) + Ag + Ay

where A, A denote the abelian bosons which are coming from D9 and D5 branes respectively.
Also

40Vs — V3 + \/ 147 — 1040v/3V; + 640012
ay = )
* 12v/2 — 40V6V5

In the limit V3 — 0 two more masses become zero (my4 and m_). It is straightforward to

(C.9)

check that these three gauge are anomaly-free in four bosons dimensions. This behavior,
was explained in detail in [[L4].
Generalized CS terms from the non-planar cylinder

Using formulae (C.6), (IC.7), we can evaluate the couplings of axions to one and two gauge
bosons, (M;’s and C}’s respectively). Since axions (which are coming from the twisted
closed string sector) are localized at the fixed points, it is necessary to identify the fixed
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k=1 ¢

k=2 o o ¢

k=3 0 o %

Figure 2: We denote by /¢ the fixed points on each torus, which are invariant/related to others
by the Zg action.

points in each sector and their properties. In figure ] we denote the fixed points on each
torus under the Zg action.

The k£ = 1 sector provides 3 points fixed under the Zg action. The k = 2 sector
provides 27 points fixed under the Z3 action. However, the Zg action leaves invariant only
3 of them (the ones of the k = 1 sector) and relates doublets of the rest. In total there are
12 doublets of points which are identified under the Zg/Z3 = Zs action. The k = 3 sector
provides 16 points fixed under the Z5 action. However, the Zg action leaves invariant only
1 of them (which is located at the origin) and relates triplets of the rest. In total there are
5 triplets of points identified under the Zg/Zs = Z3 action.

Taking all this into account, the D9 branes couple to axions as:

oot 1

a(9) — V4873 31/4

' 1 o i V2

M2 = )], M = —— Y=

o) = Jismonalehads Moy = Ze== o

50 V2V 1 s iWV2V3 V3
a9 /o413 161/4

triyshal, Mg = trlysAy) (C.10)
where OO denotes fixed points of the kth sector which are also fixed under the larger Zg

tr{yA)]

tr[yaAd)]

a9 | /943 161/4

orbifold action (corresponding to 4 on all two-tori Tf) and = denotes fixed points which
are related by the larger Zg orbifold action (with ¢ in at least one tori T?) .

If all D5 branes are at the origin then the corresponding couplings are:

1,origin __ { L 5
Ma(5) - /4871'3 31/4 trh/l)‘a]
2,origin i 1/4 5
M5~ = #487733 triyad)
3origin _ V2V3 114 5
METEn = =516 M7 [y3A2) (C.11)
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The coefficients of Crs are proportional to the coefficients of Mrs (without the traces):
k=1 1 k=2 2 k=3 3
0(99,55) = _4M(9,5)’ C(99,55) = _4M(9,5)’ 0(99,55) = _M(9,5) . (C.12)
for the various sectors in ([C-10), (C-17)).

Now, we can evaluate the symmetric tensor ¢;;; for the Zg orientifold using:

N-1
z k.f ik, k.f ok, k. f ik,
=D D <Mi Toi! v mplop! + fCijf> ; (C.13)
k=1 f
where for axionic exchange between D9-D9 and D5-D5 1y = 2 = —my = —15 = —1

however, between D9-D5 1y =19 = —ny = —n5 = 1. In all cases n3 = 0. Mys and Cfs are

given in ([C.1Q), (C.11), ( [C19).
Using unnormalized X’s ((B.6) without the coefficient 1/2\/n; that normalizes
TriXiXj] = 6;5/2) we find perfect agreement with the anomaly matrixes t;;; of the pre-

vious section ([C.§). We stress that this equation holds irrespective of the scheme used in
calculating triangle graphs in the effective field theory.
We now evaluate the antisymmetric combination

N-1
Z k? k? k? k7
B =3 > e (MMl - Mot (C.14)
k=1 f
that provides the coefficients of the GCS terms, and we find it is non-zero. We focus on
elements E;j; = —Fj;; since all other vanish, Fy;; = E;; = 0:

0 36-72 36 0—-24
=36 0 72 0-36 24
24 -24 0 24-24 0
36 0-24 0 36-72
0-36 24 -36 0 72
24 -24 0 24-24 0

Eij = E@'jj = _Ejij = (015)

Therefore, in the natural EFT regularization scheme which treats democratically the
anomalous currents, we need GCS terms to cancel the anomalies in the Zg orientifold.

C.2 Zj orbifold

The orbifold rotation vector is (v, ve,v3) = (1,—3,2)/6. There is an order two twist (k = 3)
and we must have one set of D5-branes. Tadpole cancellation then implies the existence of
32 D9-branes and 32 D5-branes, as in the previous example, that we put together at the
origin of the internal space. The Chan—Paton vectors are

1
Vo=Vs=—(1,1,1,1,5,5,5,5,3,3,3,3,3,3,3,3), (C.16)
implying
trivig) =0 for k=1,3,5 , triyw]=-8 , tr[yu]=S8. (C.17)

The gauge group has a factor of U(4) x U(4) x U(8) coming from the D9-branes and
an isomorphic factor coming from the D5-branes. The massless spectrum is provided in
table fl. The A/ = 1 sectors correspond to k = 1,5, while k = 2,3,4 are N' = 2 sectors.
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Anomaly traces

Normalizing the generators as for the Zg case, we have for the mixed anomalies between
abelian and non-abelian factors:

tia = Tr[Qi(TATH),] = , (C.18)

where the columns label again the U(1)s and the rows the non-abelian factors. We also
evaluate the mixed anomalies of abelian factors ¢;;, = T7r[Q;Q;Q%] (here we provide again
the t;; (C.4).
48 16 64 —16 0 —32
—16 —48 —64 0 16 32
0 0 0 32-32 0
tij = . (C.19)
—-16 0-32 48 16 64
0 16 32 —16 —48 —64

32-32 0 0 0 O

In total, there are six U(1)s. Four of them are anomalous and two are free of 4d anomalies.

Anomalous U(1) masses

The contribution to the mass matrix is:

1 V3
§Mc%a,ij = 53 (trviAdtr[vid;] + tr[ysAitr{ysAz])
2V, )¢ v
_ 8733)’ (tryaNiltr[yaX;] + triyadiltr{yad;]) — 3—7:’:,’tr[’yg)\i]tr[’yg)\j] (C.20)

where a = 9,5 and €95 = £1 respectively, while

S My = = oo (trbnAderin ) + rbsAdtrsd]
+ triyXitried;] — 757“[74)\i]757”[745\j]) - 1;;3757”[73>\z]757”[735\j] (C.21)
Thus, the unormalized mass matrix has eigenvalues and eigenvectors:

mi = 6V, , —Ar+ Ay,

m3 =3/(2Vs) . —A1+ A,

m22”74 _ 5\/§+48V3:|:\/3(2£’i;128\/§V3+768V§) by (Ag A — Ay — Ay)— A+ A, (C.22)

m%g _ 15\/§+80V3j:\/5(13152—384\/§V3+1280V32) . ba(Ar+ As + A+ 1212) 4 As + As
where

3+ \/ 25 — 128+/3V; + 7682 +9v/3 — \/ 5(135 — 384+/3V; + 1280V2)

== 1/2(4v/3V5 — 1) B 17/2(20V5 — 3v/3) .
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? ¢
k=2 ¢
k=3 v ¢
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Figure 3: We denote by /0 the fixed points on each torus, which are invariant/related to others
by the Z§ action.

Note that the eigenvalues are always positive. They are also invariant under the T-
duality symmetry of the theory Vo — 1/4V5. Thus, all U(1)s become massive, including
the two anomaly free combinations. The reason is that these combinations are anomalous
in six dimensions. Observe however that in the limit V3 — 0, the two linear combinations
that are free of four-dimensional anomalies become massless. This is consistent with the
fact that the six-dimensional anomalies responsible for their mass cancel locally in this

limit [L4].
Generalized Chern-Simons terms

As for the Zg case, we identify the fixed points and the couplings of the axions to the
branes.

The k = 1 sector provides 12 points fixed under the Zj action. The k = 2 sector
provides 9 points fixed under the Z3 action. However, the Zj action leaves invariant only
3 of them and relates doublets of the rest. In total there are 3 doublets of points which are
identified under the Zj/Zs = Z action. The k = 3 sector provides 16 points fixed under
the Zy action. However, the Z§ action leaves invariant only 4 of them and relates triplets
of the rest. In total there are 4 triplets of points identified under the Z§/Zs = Z3 action.
In figure [J we denote the fixed points under the Z} action.

Therefore here the D9 branes couple to axions with:

1,0 7 1
Ma(g) - \/M121/4tr[71)\a],

V2V, 1 = W2V V2

MZS = == —tr[pdd], Ml = S~ tr[a]
a(9) | /243 91/4 a®) /o473 91/4

ivV2Vs 1 =  iW/2V3 V3

Mj(s% = : —7trlrsAal Mjég) = : 1/4

V2473 16Y/ V2473 16Y/

where again O denotes fixed points of the kth sector which are also fixed under the larger

tr[ysAal (C.24)

Z{ orbifold action and = denotes fixed points which are related to others by the larger Z}
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orbifold action.
If all D5 branes are at the origin,

Ml,origin o i i/élt [ )\5]
a(5) - /—4871'3 31/4 Y1l 5
2,origin { 1/4 5
Ma(5) - \/m?) tr [’72)‘a] )
i V2D
MEEn = 247:; 161/ 44r[y3\3] | (C.25)

The coefficients of Crs are proportional to the coefficients of Mrs (without the traces):
k=1 1 k=2 2 k=3 3
C(99,55) = _4M(9,5) ) 0(99,55) = _4M(9,5) ) 0(99,55) = _M(9,5) : (C.26)

for the various sectors in (C.24), (C.25). In addition, for axionic exchange between D9-D9
and D5-D5 we have 11 = —n5 = —1, 79 = n4 = 0 however, between D9-D5n; =g = —ny =
—n5 = 1. In all cases 3 = 0. Inserting the above to (C.1J), we evaluate the symmetric
tensor t;;; and find agreement with the anomaly matrix (C.19).

Similarly, we evaluate the antisymmetric tensor (C.14) for Z:

0-16 0-16 0 32
6 0 0 0 16 —-32
64 -64 0-32 32 0

-16 0 32 0-16 O

0 16-32 16 0 O

=32 32 0 64-64 O

(C.27)

Therefore, in the natural regularization scheme which treats democratically the anomalous
currents, we need GCS for the Z{ as well to cancel the anomalies.

We expect similar couplings to be present in other type of orientifold models, where
anomaly cancellation is taken care by untwisted axions, like some intersecting / magnetized

brane models [B7, Bg.

D. Computation of anomaly diagrams

In the following we define: t¥¢ = f[Q;Q;QI}] The triangle amplitude in (B.I]), in
momentum space, is given by

i e [ A Triv B+ E) vty (8 — K1)
T prh—loop = 2375 ch/ (27‘(‘)4 'L(Lp T k22)2(; — k1)2p21 > (D.l)

and can be decomposed according to

Ffffph—loop = 1% A1 (K1, ko) equpo kg + Aa(k1, k2)eupok] + Bi(k1, k2)kayeppor kS K]
+B2(k17 kZ)klueupaTkgkI"i_Bfﬂ(kla kZ)kZpeuuarkgkI"i‘Bél(kh kQ)klpfuuaTkgkﬂ
(D.2)
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where A’s and B’s functions of ki, ks. In addition to the triangle diagram in (6.1)), we
have to add a similar triangle diagram with the exchange of {ks,p} < {ki,v}. The
extra diagram will be similar to the above and the total result will be twice (D.2) if
Ay (k1 ko) = —Aa(ka, k1), Bi(k1, ko) = —Ba(ka, k1), Ba(k1,k2) = —Bs(ka, k1).
To evaluate the coefficient functions Ay, As, By, By, Bs, By, we use Feynman parame-
trization
g g d*p Now,o(p, k1, ko)
ris —oo='3t”k/ddd sl-—a—B- / prp i )
ipltctoon = CUT [ oy S0 = =52 | Gy falp 4 Ral? + (p — Fa P 20T
y d* Nouvp(p, k1, k
:’LBtZ]k/dOéd/B/ p4 - |4 P(p7 ;7 2) —
(2m)* [alp + k2)? + B(p — k1)* + (1 — a = B)p?]

We then make the change of variables p = p+ aks — Bk; and redefine back p — p. We thus

(D.3)

get

. s d4p N, (p kq kz)
Pz]k Cloop = 3t1]k / dad / prp\ts )
irpl1-loop = i B | e T all —aVi2 + B(1 — A)R + 2aBk ]

3435 d'p Nouwp(p, k1, k2)
34ijk pvp\Fs M1,
— 34% | dad , D.4

where P = aks — Bk1. After the change of variables, the numerator is:

N,uup = TT[’Y}L@ - P + %Q)r)/p(‘lé - P)’Vl/(}é - P - %1)’75]
—Tr[yd v (P + kv )vs) — Trv (P — k) vabvibys) — TryabypProbys)
_TT['Y;L(P - k2)7pP7u(P + %1)’75] +- (D'S)

We keep only terms with an even number of p’s, which are not identically zero. Terms with

two p’s include a logarithmic divergence, whereas the last term in (D.J) is convergent. In
dimensional regularization, using the fact that p#p” — ¢g"'p?/d, and 7)‘%17)\ = —(d—2)vu,
7)‘7#%%7)\ = =27,V + (4 — d)yu77,, the p? terms can be written as

P’ [Q%d (P* + Kk + P — k) + @ PA] Tr[yuyp 1w as]
2
_ _% <_[2 —d+(d+2)a)k} +[2—d+ (d+ 2)B]k%> (—4i€upn) - (D.6)

After integration these yield the functions A; and A in (D.9), which are logarithmically
divergent.

The term in the last line in (D.]) needs no regularization and can therefore be computed
directly in four dimensions d = 4. The results is

(1= a)P? = Bk3] k3 Trivmrpvays] — (1 — B)P? — ak3] k] TrliympYes)
+2a(a — 1)k, — 206k1,) kzg‘kz‘f Tr[Yu Yo Ao Vs
+[2O¢ﬁk2u —2B(8 — 1)klu] k%‘k? TT['Yu’Yp'YA'Ya'YS]

Now we can perform the integrals on p:

/ d'p 1 1 D7)
(2m)* (p? + M2)3 ~ 32m2 M2’ '
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whereas

d4 2
| ety ()

is logarithmically divergent and thus scheme dependent. On the contrary the finite coeffi-
cients B’s of (D.9) can be determined unambiguously and read

Bilky ko) =~ / o = (ot = P
By(ki,ky) = 812 / dadl s ﬁ/i%ﬁ(—l @/i) = Bk1)?
Btha k) = i [ o g0
By(k1,ke) = _8%2 /01 dadﬁakg + ﬁk%f?ﬁf@ — Bk1)? .

Notice that: Bl(k‘l, k‘Q) = —B4(k‘2, k‘l) = —B4(k‘1, ]CQ), BQ(kl, k‘Q) = —Bg(kg, k‘l) The func-
tions A;, a priori logarithmically divergent, will be determined by imposing renormalization
conditions on the three-point function.

D.1 All diagrams

Consider the three-point function of (abelian) gauge-bosons (AL(kg)A{;(kzl)Al;(kzg)) in mo-
mentum space. There are three contributions to this three-point function, linear in the
momenta. One comes from the the irreducible CS-like vertex and gives a contribution

(AL AT AR Gos = —e™Po [Eij, k3 + Epij kS + Ejgi k§] (D.10)

where we have used antisymmetry in the first two indices.
The second contribution comes from axion-vector mixing terms and PQ couplings of
the axions to F' — F. We have the vertex

a (ks) Al (k1) Al (ky) — 2i Cf; e po KK (D.11)

where there is a factor of two coming from each field strength and a factor of 1/2 from the
definition of the dual. The mixing term is

a' (k)AL (k) — —M] k" (D.12)
and the axion propagator
,L'GIJ
k2 7

where axion indices are raised and lowered with the axion metric, to be taken to be canonical

al (k)a’ (k) — (D.13)

Gy = 617 in what follows. Performing all six contractions we obtain

g /74 . kY
<ALAuAp>Contact = - C}]M}CEHVOO’ kgkcly kQ + ClkM] " oo k3 k2 k‘; (D'14)
1
e , kY
+ O Mje" oo kTR 75
3
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Combining all the contributions one gets
ik ijk
F/ljyp — FZ yp|1 100p + F/J,yp|aX10n + /Zjl/p|CS bl (D15)
where

Fifyph—loop =¥ [Al E,ul/pokg + A’42€,u1/p0k(17 + By k21/€,upo7—k3(27k{ + B2k511/6,up07k(27kf

+B3k2p€uu0frk5k{ + B4k1p€uua7'kgk7—] (D16)
k3 ki, i k
e P Yot AH ) s {2 i
3 2
ik — (k1 ko) k1, ko
_ o ZRuctky) e MICK = e, or kSE] —MFCY L e, kSK]
N (k1 + k)2 P 2 ki1 + I k2 €upoT v I ;2 Cuvar iy
(D.17)
F’L]k ‘ — _EZ]Ji‘ kS — Ejk,z ko Ek‘l,] %4
uwplCS €uvpo v Cvpua i3 Couvo vy
= —(E9% — F*Ne 1 pokg — (B — ET%) e, 00k (D.18)

Imposing total Bose symmetry of the amplitude,'? the appropriate anomaly conditions for
the triangle diagrams turn out to be

kilrizfph—loop = _tijkCA €uporkg kT Ay + k- ko B+ k%B2 = -

KO 11 -toop = 19° S ey kS K — Ay +k2Bs 4k - kyBy =S4
C

— (Kt + k)T uuph—loop =t Ca e, o kKT A — Ay =

where C}y is the standard coefficient of the axial anomaly. In this scheme, we can express
the ambiguous amplitudes A;, As (a priori logarithmically divergent) in terms of the finite
B1, Bs, Bs, By given in (D.9).1

Requiring the vanishing of the total anomaly we then find

kYT = t9% (A1 + Ky - ko B1 + K Bo) + M C' — E'9F 4 Bk — 0

KT, = — (A2 + k3Bs + ky - kaBa) — MFCY — BN 4 BN =0

(kY + k)T, = 0 1Ry = Ay) = MO + BV — B% =0
(D.20)

2Tn order to check the symmetry of the amplitude at the interchange of the external gauge bosons, we
can use the identity:

(klu + k2u)€upo7-kgk; - _(kQU + klu)epporkgki- - (klp + k2p)euuo7—kgk;

tepvpokak] — KTk — k1.ka(kS — kS)] . (D.19)

3We can change the scheme by redefining the scheme-dependent coeff. A;. For example, if we require
KOTE 11 —100p = 0, KYTiE |1 100p = 0, (K} + E5)T3E |1—100p = t7FCa, by choosing the anomaly to be
contained in the third current, this can be done by the redefinitions (A1, A2) — (A1 — Ca/3, A2 + Ca/3).
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We can also express the anomaly cancellation conditions in the form

tkCy = MFCY + MICF + MjCy*,

- 1 o —
B = S(MjC]" — MiCT),
. 1 — .
B = S (MICF = MFCY),
. 1 - e
BRI = 5(Mfcj,f — MjC) . (D.21)

From the above equations it is easy to notice that for a gauge invariant model, the totaly

)

cancels the anomaly (which is a totaly symmetric tensor C 4t7%)
] ijlk

invariant model with anomalous fermion content and axions (without the GCS terms), one

symmetric part of M I(Zka

and the antisymmetric part M I[ZC’} * cancels Elilk, Therefore, one can construct a gauge

can construct a gauge invariant model without chiral fermion content (#7* = 0) 9] but
we cannot construct a model with anomalous fermions and GCS terms without axions.
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